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Abstract:

This documentation describes two types of schemes allowing to stabilize the numerical discretizations of
the models: the semi-implicit scheme and the iterative centred-implicit scheme (sometimes called predictor-
corrector scheme). An algorithmic description to different types of equations, and some technical information
(organigramme) are provided.

Résumé:

Cette documentation décrit deux types de schémas permettant de stabiliser les discrétisations numériques des
modéles: le schéma semi-implicite et le schéma ICI (centré implicite itératif) encore appelé prédicteur-correcteur.
On fournit une application de ces algorithmes a différents jeux d’équations, ainsi que des informations techniques
(organigramme).
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1 Introduction.

1.1 Interest of semi-implicit and iterative centred-implicit schemes.

For both hydrostatic and non-hydrostatic models it is necessary to treat implicitly the linear terms source of (fast
moving) gravity waves to ensure a good stability; hence the resolution of equations involve the inversion of a
linear system leading to a Helmholtz equation: inversion of such a system is more convenient to do in spectral
space. For non-hydrostatic models the semi-implicit scheme is generally not sufficient (especially for a two-time
level semi-Lagrangian scheme) and some non-linear terms have also to be treated implicitly; for that one uses an
iterative centred-implicit (abbreviated into “ICI”) scheme. The iterative centred-implicit schemes are often called
“predictor-corrector” schemes, but in a theoretical point of view one has normally to reserve this appellation for
a subset of iterative centred-implicit schemes with only one iteration. The iterative centred-implicit scheme can
have an incremental formulation or a non-incremental formulation. The one which is coded in ARPEGE/ALADIN
(for both hydrostatic and non-hydrostatic models) and which will be retained and described is a non-incremental
one. All the additional calculations generated by an iterative centred-implicit scheme are mainly done in the
grid-point calculations and in the spectral transforms.

1.2 Distributed memory.
Some distributed memory features are now introduced in the code and will be briefly described. For convenience
one uses some generic appellations.

e Expression “DM-local” for a quantity means “local to the couple of processors (proca,procb)”: each
processor has its own value for the quantity. Expression “DM-local computations” means that the
computations are done independently in each processor on “DM-local” quantities, leading to results internal
to each processor, which can be different from a processor to another one.

e Expression “DM-global” for a quantity means that it has a unique value available in all the processors.
Expression “DM-global computations” means that the computations are either done in one processor, then
the results are dispatched in all the processors, or the same computations are done in all the processors,
leading to the same results in all the processors.

e In a routine description the mention “For distributed memory computations are DM-local” means that
all calculations done by this routine are DM-local; the mention “For distributed memory computations
are DM-global” means that all calculations done by this routine are DM-global; when no information is
provided it means that a part of calculations are DM-local and the other part is DM-global.

e Expression “main” processor currently refers to the processor number 1: (proca,procb)=(1,1).

1.3 The different models described.

e 2D shallow-water model.

e 3D primitive equations model (denoted as HYD).

e 3D NH model with Q and d or dy NH prognostic variables (denoted as NH-PDVD).
e 3D NH model with ® and gw NH prognostic variables (denoted as NH-GEOGW).

1.4 Other restrictions of this documentation.

e In the non-hydrostatic model with Q and d or ds NH prognostic variables, only the option with Q and d
as prognostic variables (options NPDVAR=2, NVDVAR=3) is currently described. The choice of d4 as
prognostic variable NVDVAR=4 does not change the expression of linear terms.

e Linear systems are written for thin layer equations: in practical, they don’t change for deep layer equations
because the radius r is linearised around a reference value equal to a.
For the (Wood and Staniforth, 2003) NH deep-layer system, hydrostatic pressures (II,IIs) must be replaced
by mass-integrated coordinates (fI,l:IS) in the linear system.

1.5 Modifications since cycle 41.



2 Notations.

e M is the mapping factor. M is a reference mapping factor for semi-implicit computations. E =c
(stretching factor) if semi-implicit scheme with reduced divergence (LSIDG=.F. in YOMDYN). M = M
(mapping factor) if semi-implicit scheme with unreduced divergence (LSIDG=.T. in YOMDYN).

e ¢ is the Earth mean radius.

e 1 is the radius. The reference value of r for the linearisation is the mean radius a. In the thin layer
equations, r = a everywhere. In the LVERCOR=T (White and Bromley, 1995) deep-layer equations, r
is replaced by a pseudo-radius rs depending only on the hydrostatic pressure. All the equations involving
the radius will be written with the denotation r.

e V is the horizontal geographical wind. Its zonal component is U. Its meridian component is V.

e D is the unreduced divergence of ho/rizontal wind, D' is the reduced divergence. D and D' are linked by
the relationship D = (a/r) * M? x+ D'.

e ( is the unreduced vorticity of/ horizontal wind, C/ is the reduced vorticity. ¢ and Cl are linked by the
relationship ¢ = (a/r) * M? % ( .
dz

e w is the z-coordinate vertical velocity: w = .

e T is the temperature. T™ is a vertically-constant reference temperature which is used in the semi-implicit
scheme and in some non-hydrostatic equations. Default value is 300 K or 350 K according to configuration.
If LSPRT=.T. (use of virtual temperature in spectral transforms instead of real temperature), 7" is used
as a reference virtual temperature (same default value).

T, is a cold vertically-constant reference temperature which is used in the semi-implicit scheme in the NH
vertical divergence equation; it is recommended to have T, lower than the current temperature.

e ¢ is the humidity.

e II is the hydrostatic pressure, Il is the hydrostatic surface pressure. I1* is a reference hydrostatic pressure
and IIs* is a reference hydrostatic surface pressure, which are used in the semi-implicit scheme and in some
non-hydrostatic equations. These reference quantities are vertically dependent and “horizontally” (i.e. on
n surfaces) constant. Default value of IIs* is generally between 800 hPa and 1000 hPa. AII* are layer
depths corresponding to a surface hydrostatic pressure equal to ITs*.

e Il is a reference hydrostatic pressure equal to the surface pressure of the standard atmosphere (variable
VPO00). Default value is 101325 Pa.

° w= % is the total temporal derivative of the hydrostatic pressure (vertical velocity in hydrostatic pressure

coordinate).
e p is the pressure, ps is the surface pressure.

° Q is the pressure departure variable. Expression of Q is:

A~ p

= log = 1
Q=log g 1)
e ¢z is the geopotential height.

e & is the total geopotential (equivalent height in the shallow-water model), @ is the surface geopotential
(i-e. the orography). In the thin layer equations, ® = gz. ®s is assumed to be always equal to gzs. ®* is a
reference equivalent height which is only used in the shallow-water model (semi-implicit scheme). Default
value of ®* is 100000 J/kg. AP~ is a reference geopotential depth computed on model levels.

e  is the Earth rotation angular velocity.
e r is the vector directed upwards, the length of which is the Earth radius a.

e g is the gravity acceleration constant, assumed to be vertically constant in the current documentation. For
the (Wood and Staniforth, 2003) deep-layer NH equations with vertical variations of g, only the reference
value of g (vertically constant) is taken into account in the semi-implicit scheme.

e R is the gas constant for air and R4 the gas constant for dry air.

® ¢, is the specific heat at constant pressure for air and c;, is the specific heat at constant pressure for dry
air.

e ¢, is the specific heat at constant volume for air and ¢4 is the specific heat at constant volume for dry air.
e V is the unreduced first order horizontal gradient on 7-surfaces. V' is the reduced first order horizontal

gradient. These two operators are linked by the relationship V = (a/r) * M x v,
4



Ds is the true 3D divergence. In the thin layer equations, expression of Dj is:

D oV gp ow
Ds =VV + 5q -V () )i () (2)
d is the vertical divergence. In the thin layer equations, the relationship between d and the height-coordinate
vertical velocity w is:
gp Ow
d=— -— 3
T RT <an> ©

Variable dy =d + #}QTVCI) (%) can be also used as prognostic variable.
on

L: number of layers of the model.

A, B define hydrostatic pressure on the n levels ( II = A + Blls, where Il is the hydrostatic surface
pressure).

B coeflicient for the semi-implicit scheme (between 0 and 1).
v, T, v, b, 0F, L") G*, S*, N*, Q" and T* are generic notations for linear operators (see subsection 4.2).

H, C, N are intermediate constants used in the semi-implicit scheme of the non-hydrostatic model.
Definitions are respectively:

H= % (4)
C= RdT*ﬁ (5)
N=—-2 (6)

For a variable X defined at full levels, (X) is the vector of coordinates (Xi;...; Xi;...; Xr).
Rinte is the vertical integration operator used in the case LVERTFE=.T. :

N Xdn is discretised by [Rinte) top,surf) (X)-

n=0
- ::Om Xdn is discretised by [Rinte](top,i) (X)-
_ n":nll Xdn is discretised by [Rinte] 1 surf) (X)-

Raeri is the vertical first-order derivative operator used in the case where VFE are also applied to derivatives.



3 General considerations.

3.1 Advection schemes.

x Explicit Eulerian equations: In Eulerian form of equations, the time dependency equation of a

variable X writes as: ax
T -UVsX+A+F (7)
where U is the 3D wind, V3 is the 3D gradient operator, A is the dynamical contribution, and F is the physical

contribution. X (¢ + At) is computed knowing X (¢t — At) at the same grid point.

* Explicit semi-Lagrangian equations: In semi-Lagrangian form of equations, the time dependency

equation of a variable X writes as:

dX

A+ F 8

= + (8)
In a three-time level semi-Lagrangian scheme (abbreviated into 3TL SL scheme) X (¢t + At) is computed at a grid
point F knowing X (¢t — At) at the point O (not necessary a grid point) where the same particle is at ¢ — At. In a
two-time level semi-Lagrangian scheme (abbreviated into 2TL SL scheme) X (t + At) is computed at a grid point

F knowing X (t) at the point O (not necessary a grid point) where the same particle is at ¢.

3.2 Semi-implicit treatment of linear terms (case where there is no iterative
centred-implicit scheme).

* Adding of a semi-implicit correction: In all cases the linear terms source of gravity waves must
be treated implicitly, in order to allow time-steps compatible with an operational use of the model. Expression
of the linear terms is obtained assuming a definition of a reference state. The reference state is defined by a dry
resting isotherm atmosphere in hydrostatic balance, reference orography is zero. Equations (7) and (8) become
respectively (9) and (10):

e FEulerian scheme:

aa—)t( = -U.V3X + A+ F + [SIcorrection] 9)
e Semi-Lagrangian scheme:
% = A+ F + [SIcorrection] (10)

* Discretisation of equations (9) and (10): Equations (9) and (10) give the following discretized
equations, where At is the time step, B is the linear term source of gravity waves, (3 is a tunable parameter (8 =0
corresponds to an explicit formulation, 8 =1 to an implicit formulation):

e Fulerian scheme:

[SIcorrection] = —BB" + gBtim + gBHAt (11)
XA BALBTA = XA L oA (—U.V3X + A+ F) — 28AtB" + SAtBA! (12)

all computations are done at the same grid point.

e Three-time level semi-Lagrangian (3TL SL) scheme (without uncentering factor):

[SIcorrection] = —BB" + glgt*m + gBHAt (13)
XTTA _ BALBTTAT = XA L oAR(A 4 F) — 28AL8" + BALBTAY (14)

where Xttt — BAtBT2t is computed at the final grid point of the semi-Lagrangian trajectory, Xt~21
and BAtB* ™2t are computed at the origin point of the semi-Lagrangian trajectory, —28AtB¢ is computed
as an average between the origin and final points of the trajectory, A is computed either at the medium
point or as an average between the origin and final points of the trajectory. If there is a uncentering factor
e replace At by (1 — €)At for terms at the origin point, At by (1 + €)At for terms at the final point. For
more details see documentation (IDSL) about the semi-Lagrangian scheme.

e Two-time level semi-Lagrangian (2TL SL) scheme (without uncentering factor):

[SIcorrection] = —BB 054" 4 gBt + gBH_At (15)
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XA _0.58AtBA = X' 4 At(A + F) — BALBTOPA 4 0.58AL5 (16)

where X2t — 0.58AtB 2t is computed at the final grid point of the semi-Lagrangian trajectory, X?
and 0.58AtB¢ are computed at the origin point of the semi-Lagrangian trajectory, —SAtBF52t and A
are computed either at the medium point or as an average between the origin and final points of the
trajectory. If there is a first-order uncentering factor e replace At by (1 — €)At for terms at the origin
point, At by (1 4 €)At for terms at the final point. For more details see documentation (IDSL) about the
semi-Lagrangian scheme.

BIFTO-5At Bt and B'~2* are computed in grid point space. The right-hand side members of equations (12), (14)
and (16) are computed in grid point space, then transformed into spectral space. Entering spectral space a system
of equations of the following type must be solved:

XA BABTA = &7 (17)
for a leap-frog scheme, and:
XA 0.58AtBTA = X (18)

for a two-time level semi-Lagrangian scheme, where X* is known and X**? is unknown. Now the spectral
computations to solve this system of equations are described for a primitive equations 3D model, a 2D shallow
water model and several NH 3D models.

3.3 Iterative centred-implicit schemes and combination with semi-implicit
schemes.

3.3.1 Purpose.

In some cases (especially in the non-hydrostatic models), the model with a semi-implicit treatment of linear
terms may remain unstable, hence a treatment by an iterative centred-implicit scheme may be necessary. In the
following description one sticks to non-incremental formulations.

3.3.2 [Iterative centred-implicit scheme.

x Algorithm: The total number of iterations is denoted by Niiter-

e The iteration number (¢ = 0) computes an estimation X ;;Aof of X" 4! with a normal semi-implicit scheme.
Horizontal diffusion can be done optionally at this stage.

e Iterations (i > 0): the i-th iteration (i > 0) computes Xf;gAt (after inversion of Helmholtz equation)
knowing X (tj;Al; Horizontal diffusion is always done at the last iteration, it can be done optionally at the

other iterations. The final value of X*+4? ;A]\f o)’

e This scheme is controlled by the key LPC_FULL=.T. . and is coded in the Eulerian scheme and the
two-time level semi-Lagrangian scheme only. It is recommended for the non-hydrostatic model with a
SL2TL scheme to ensure stability.

is equal to X f

e For unlagged physics, the physics has to be computed for the iteration (: = 0) only. For lagged physics,
iterations 0 to Nsiter — 1 are adiabatic ones, iteration Ngiter is diabatic one.

x Discretisation of algorithm:

e First iteration (i = 0): One has to start from the discretisations of equations for a model with no
iterative centred-implicit formulation (see documentations (IDEUL) and (IDSL)). For a leap-frog scheme
the calculations are the same ones. For a two-time level semi-Lagrangian scheme, (A — ﬂAtB)’Ej:O(‘)“;’At

is assumed to be equal to (A — BAtB)! if no extrapolation is done (case LNESC=.T.), and to

1.5(A — BALB)! — 0.5(A — BALB) ™2 if extrapolation is done (case LNESC=.F.). For a SL2TL case

with no uncentering factor that yields the following discretisations (physics is assumed to be unlagged):

— no extrapolation:
(X(E0 —0.5AL8B( 40 r = [0.5ALA"0.5AtBB"| p+[X ' +0.5AtA ~0.5At BB +0.5At BB + At F' o i—0)

(O(i = 0) and F are respectively the origin and final points of the semi-Lagrangian trajectory), which
can be rewritten:

(X(E0y — 0.5A BB p = [0.5ALA" — 0.5AL8B | p + [X' + 0.5ALA" + AtFo(i—0)
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— extrapolation: discretisation is identical to the case with no iterative centred-implicit scheme and
conventional extrapolation (type LSETTLS=.F.); the RHS terms other than X‘ and F* can be
replaced by a “spatio-temporal” average; see documentation (IDSL).

e Following iterations (¢ > 0): The general iteration writes (no uncentering, unlagged physics):

— Eulerian scheme (ADV stands for advection terms):

XEj - auslg
= X" L 2AtADV' + [AtAS] — AtBBIA] + [ALATA — AtBBT A+ AtBBI T 4 2AtF A
which can be rewritten:

XG0 = AtBBIA = AtATE] — AtBBI + [X'T2 + 2AtADV" + AtAT 2 + 2AtF Y

— Three-time level semi-Lagrangian scheme (without uncentering factor):

XG5~ Bl

= XGo! 4 [ALATES — AtBBIA e + [ALAT2 — AtBB' ™ og) + [ABB' ™ + 2AtF o
which can be rewritten:

[(XG2 = ABBE e = XG0 + [ALATE) — AtBBA | + [ALAT 2 4 2AtF ™o

The iterative centred-implicit algorithm also applies to re-compute the semi-Lagrangian trajectory
(see documentation (IDSL) for more details), the position of the origin point at the i-th (resp ¢ —1-th)
iteration is O(i) (resp. O(i — 1)).

— Two-time level semi-Lagrangian scheme (without uncentering factor):

(XG5 = 054882 F

= Xb) + [0.5ALAT S — 0.5A8B( )] r + [0.5ALA" — 0.5ABB o) + [0.5At8B" + AtF o)
which can be rewritten:

(X2 = 05AtBB Y = Xo0) + [0.5ALATES — 0.5At8B( 5]k + [0.5AtA" + AtF o)
The iterative centred-implicit algorithm also applies to re-compute the semi-Lagrangian trajectory
(see documentation (IDSL) for more details), the position of the origin point at the i-th (resp ¢ —1-th)

iteration is O(4) (resp. O(i — 1)). Remark: when the iterative centred-implicit scheme is used, the
stable extrapolation LSETTLS=.T. is never involved.

x Cheap version of this algorithm: In a semi-Lagrangian scheme, it is possible not to iterate the
position of the origin point O (i.e O(i) = O(i = 0)): this cheap version is activated if LPC_CHEAP=.T. .
It is coded only for a non-extrapolating SL2TL scheme. In this case the quantity to be interpolated (i.e.
[0.5AtA" + AtF*|o) needs to be interpolated at the predictor step only. It is then stored in a buffer and re-
used at the corrector steps without any interpolation.

3.4 Introduction of uncentering for semi-Lagrangian schemes.

Averages along the semi-Lagrangian trajectory will be weighted by (1 — €) at the origin point and (1 + €) at the
final point. If the uncentering coefficient € is horizontally constant the algorithms remain valid, replacing 8 by

(1+¢)pB.
3.5 Limited area models (ALADIN, AROME).

Particular features for LAM models are not described in detail, only brief comments are mentioned. Concerning the
semi-implicit and iterative centred-implicit algorithms one can consider that the major part of this documentation
is still valid for LAM models; the main differences with ARPEGE/IFS are:

e The LAM model shallow-water model is not coded.

e Option LESIDG=.T. replaces LSIDG=.T., and is available only with the tilted-rotated Mercator
projection. This option is useful only when the horizontal variations of the mapping factor are significant.
See (IDESIDG) about its implementation.

e Option LIMPF=.T. is not coded.

e In the hydrostatic (resp. NH) model, spectral part of the semi-implicit scheme is performed in routine
ESPCSI instead of SPCSI (resp. ESPNHSI instead of SPINHSI); the algorithm is the same as in
global model but the truncation of the spectral representation is elliptic and not triangular.
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3.6

Finite elements on the vertical.

The option with finite element vertical discretisations is coded for the hydrostatic model and partly for the NH
models. For VFE, the main modifications in the semi-implicit scheme are the following ones:

The discretisation of II, o and ¢ at full levels is different.

The model avoids as possible to compute quantities at half levels; all vertical integrals directly provide
quantities at full levels.

The vertical integrals contained in some linear operators (v, 7 and v) are discretised differently, as a
matricial multiplication with special coefficients (contained in the matrix Rinte) computed in the setup
code under SUVERTFE; the vertical integration is done by routine VERINT.

In NH models there are also vertical derivatives with a specific treatment. The NH-GEOGW model is
coded only with VFE (for integrals and derivatives) because this is the only way to keep all the prognostic
variables at full levels. The spectral part of the semi-implicit scheme is not designed to mix half level and
full level variables.

In the NH-PDVD model, it is possible for example:

— to use VFE only in the explicit model, and to keep the finite differences vertical discretisation in the
linear model (that allows to ensure constraints C1 and C2, see below).

— to use VFE in both linear and non linear terms, at least for LGWADV=T.



4 Prognostic variables and quantities involved in the semi-
implicit scheme.

4.1 Prognostic variables.

Prognostic variables can be split into different classes:

e 3D variables, the equation RHS of which has a non-zero adiabatic contribution and a non-zero semi-
implicit correction contribution. They are called “GMV” in the code (“GMV” means “grid-point model
variables”). This class of variables includes the components of the horizontal wind V, temperature T, and
the two additional non-hydrostatic variables in a non-hydrostatic model. Details about equations of the
NH variables in the NH-PDVD model (choice of the two additional prognostic variables, discretisations,
linearisation for semi-implicit scheme) can be found for example in (IDNHPB).

e 3D “conservative” variables. The equation RHS of these variables has a zero adiabatic contribution, only the
diabatic contribution (and the horizontal diffusion contribution) can be non-zero. They are called “GFL”
in the code (“GFL” means “grid-point fields”). This class of variables includes for example humidity ¢,
liquid water, ice, cloud fraction, ozone, and some extra fields.

e 2D variables, the equation RHS of which mixes 3D and 2D terms, has a non-zero adiabatic contribution
and a non-zero semi-implicit correction contribution. They are called “GMVS” in the code (“GMVS”
means “grid-point model variables for surface”). This class of variables includes the logarithm of surface
pressure (continuity equation).

Only the GMV and GMVS variables appear in the semi-implicit scheme. In the shallow-water 2D model, only
GMYV variables exist, this class of variables includes the components of the horizontal wind V, and the equivalent
height ® — &5 (continuity equation).

4.2 Quantities used for vertical discretisations and linear operators.

The following quantities and operators may have different discretisations according to the fact that finite
differences (FD) or finite elements (VFE) are used for vertical discretisations in the model. The following
abbreviations will be used:

e FDO: finite differences (LVERTFE=.F.) using NDLNPR=0.

e FDI1: finite differences (LVERTFE=.F.) using NDLNPR=1.

e FD: finite differences (LVERTFE=.F.), any value for NDLNPR.
e VFE: vertical finite elements (LVERTFE=.T.).

4.2.1 Operators “alpha” and “delta”.

These operators are used for discretisations of some vertical integrals. They have a different expression according
to the value of variables NDLNPR, LVERTFE.

e FDO:
— For a layer [ between 2 and L (and also [ = 1 if the pressure at the top of the model is not zero), a*
and §* are discretised as follows at full levels:
af =1-— iy lo 1 (19)
l Ay B\
5 =1 H; 20
1 = 1og e (20)
-1
— For the layer [ =1 if the pressure at the top of the model is zero:
* aj_, =1 at METEO-FRANCE.
* aj—, = log(2) at ECMWEF.
* 0;—; has in theory an infinite value, but in the code it is computed with a top pressure equal to
0.1 Pa to provide a finite value.
e FDI1:

— For a layer [ between 2 and L (and also [ = 1 if the pressure at the top of the model is not zero), a*
and §* are discretised as follows at full levels:
L, I

m I
l l

af =1—

(21)
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IT* is discretised as follows at full levels:
\/7 (23)

L instead of notation ;" of (Bubnovd et al., 1995).

*
i

Notation O‘Z* , s used for quantity 1 — —=
- l
— For the layer | = 1 if the pressure at the top of the model is zero:
* ajy =land of_ =1.
* 0j_y =1 +de/Rd~
« Iy = Al /6.

e VFE: for a layer [ between 1 and L, o™ and 6 are discretised as follows at full levels:

. T -11 o
Qp = 71-[;‘ ( )
AT
5 = L 25
. m (25)

where II} = A; + BiILs*. See documentation (IDEUL) for computation of A; and B in this case. Formulae
(24) and (25) provide finite values of a] and 7 even if the pressure at the top of the model is zero. «; is
not used in the SI scheme in this case because vertical integrals are directly provided at full levels without
the intermediate state of interlayer data.

4.2.2 Vertical integrals and linear products.
These operators are used in both hydrostatic and non-hydrostatic models.

* Linear operator “+”, and its dimensionless counterpart G*: this operator is applied to
temperature and pressure departure variable to compute linear term in momentum equation.

e For a variable Z, (G*Z) is a discretisation of vertical integral: fnl —+ 8{;17* Zdn
e vZ =Ra(G"Z)
e VFE expression of this discretisation is:

* Zo*
(G Z)l = [Rinte](l,su'rf) < A'f] > (26)

e FD expression of this discretisation is:

L
(G*Z)=aiZi+ Y Zub; (27)
k=Il+1

Remark: if LSPRT=.T., G is applied to virtual temperature instead of real temperature.

*x Linear operator “r”, and its dimensionless counterpart S*: this operator is applied to
divergence to compute linear term in temperature equation.

e For a variable Z, (S*Z) is a discretisation of vertical integral: " 81‘[ Zdn
o 77 = [(RaT")/cpy](8*Z) if LSPRT=.F.

o 77 =[(RiT")/(Rcpy)|(S*Z) if LSPRT=.T. (equivalent to apply a linear operator in a system of equations
using virtual temperature).

e VFE expression of this discretisation is:

o Al Z
(S Z) All__[* [Rmte](top,l) < An > (28)

Remark: according to the expression of §; in this case, this equation can be rewritten:

1 All*Z
(S Z) H* [Rinte](top,l) < An >

e FD expression of this discretisation is:

(S*Z)l = Oél*Zl +

AH* Z AT} Z),

11



*x Linear operator “v” , and its dimensionless counterpart IN*: this operator is applied to

divergence to compute linear term in continuity equation.

e For a variable Z, (N*Z) is a discretisation of vertical integral: = f01 %Zdn

I
e vZ = N"Z (because use of logIly).

e VFE expression of this discretisation is:

. 1 All*Z
(N Z) = His*[Rinte](top,surf) < A’I7 > (30)
e EFD expression of this discretisation is:
1 L
(N*Z) = 0 IE:AH;‘ZZ (31)
=1

6,9

* Linear operator “u”, and its dimensionless counterpart I: this operator is applied to
log(Ils) to compute linear term in momentum equation.
e T is the identity matrix: IZ = Z.
o (uZ) = RyT*Z if LSPRT=F.
o (uZ) = (R3/R)T*Z if LSPRT=.T. (equivalent to apply a linear operator in a system of equations using
virtual temperature).

x Relationship between these vertical operators and definition of constraint C1:

Continuous equations ensure the following identity:

G'S"—S"—G'+N"=0 (32)

According to the vertical discretisation used, this identity may or may not be matched by the discretised operators.
Definition of “constraint C1” is: the discretised operators match equation (32).

e FDO and VFE: constraint C1 is not ensured.

e F'D1: constraint C1 is ensured.

In the NH-PDVD model, constraint C1 SHOULD be ensured if one wants the complete elimination of variables
in order to provide a “one variable” Helmholtz equation computing the vertical divergence. This is why the FD1
is preferred to FDO when using FD discretisation. For VFE, Helmholtz equation treatment requires adaptations
to take account of the fact that constraint C1 is not ensured.

When constraint C1 is not ensured, we introduce the dimensionless quantity COR:

Cvd Cvd Cvd Cvd Cvd * Q* * * *
COR = - — —v=—[G'S"-S"-G"+N 33
R32T™ o Rdcpd’y RdT*T+ cpdy cpd[ +N] (33)

4.2.3 Vertical derivatives and mixed operators (NH models only).

These operators are used in non-hydrostatic models only.
x Linear operator “0*”: this operator is the following first-order derivative: 9*Z = 81(‘?%.

This operator is currently only used in the VFE NH-GEOGW scheme, discretisation involves the operator [Rderi]-
Actually 9" and 0" +1 appear, and we cannot exclude a priori the possibility to use two slightly different first order
derivative operators, in order to ensure good properties for the product 9*(9* + 1) (see the following paragraph).

x Linear operator “L*”: this operator, called Laplacian operator, is applied to the pressure departure
variable to compute linear term in the vertical divergence equation (NH-PDVD model). It also appears in the
NH-GEOGW scheme.

e For a variable Z, (L*Z) is the vertical double derivative [H*%(ngf )}, this is equivalent to write
L*=0%(0" +1).

e FD expression of this discretisation is:

12



— Layers 2 to L — 1:

(L*Z)l = Al*Zl_1 + BTZZ + C?Zl+1 (34)
Expressions of A*, B* and C* are:
* H7—1
: 61 (Hl - 1_Il—1)
1 II; II;
op \ M — I}, R b
* H7+1
C=sm —m (37)
51 (Hl+1 - Hz)
Note that equation (34) can be rewritten:
(L"Z)1 = Ai(Zi-1 — Z1) + Ci (Zi1 — Z1) (38)

— Layer 1: The quantity Z to which is applied L* is assumed to be zero at the top of the model, that
means that the term Aj(Zo — Z1) has to be replaced by —A7Z;. In practical, A} has to be set
to zero if the top hydrostatic pressure is zero, and the general formula valid for any non-zero top
pressure is:

115,
Al = (39)
! 51 (Hl - Htop)
C7 matches the general expression:
. 115
Cl= s (40)
' 61 (I3 — II7)
and, if the top hydrostatic pressure is zero:
B} = -C (41)
This upper condition is stable at least when the top hydrostatic pressure is zero.
That leads to the following formula for (L*Z)::
(L*Z)1 = —A1Z1 + C1(Z2 — Z1) (42)

— Layer L: The quantity Z to which is applied L* is assumed to be constant below the full level [ = L,
that means that the term C7(Zr+1 — Z1) has to be replaced by 0. In practical, C7, is set to zero.
A7 matches the general expression:

*
7y

R AGHE
Application of formula (38) would lead to B} = —A7} but we actually use the formula (34) with a

slightly different expression for B} :

. 153
Br = TS TTE 11 ) (44)
- 67 (I, — 107, _y)
That leads to the following formula for (L*Z)r:
* x « ( IO
(L Z)L:AL(ZL—I_ZL)_AL H*i_l ZL (45)
L—1

VFE expression of this discretisation in the NH-PDVD model: this topic is still in progress, at least two
solutions have been implemented:

— one option uses a second-order derivative operator [Raderi] (case LVFE_LAPL_HALF=F).
— one option mixes a first-order VFE derivative operator [Rderi] and a first-order FD derivative operator
(case LVFE_LAPL_HALF=T).

VFE expression of this discretisation in the NH-GEOGW model: it is currently computed as the product
of two first-order derivatives (L* = 9" (9" + 1)).

Remarks for NH-PDVD model:
— stability is ensured only if the top hydrostatic pressure is zero.
— FD1 expressions have been chosen in order to match “constraint C2” (definition of “constraint C2”

will be given below, in paragraph explaining linear operator T).
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*x Linear operator “T*” for NH-PDVD model, and definition of “constraint C2”:
General definition of T* uses a combination of linear operators L*, 7 and ~.

Definition of T writes:

2
27 * °pd _ _%p4 _ %pa
- g L (RdT”—V Py e

4
RqN2C? (46)
Using definitions for C' and H (see equations (5) and (4)) this equation can be rewritten:
, L7 (T*cpdr’y — cpC%7 — CzT*’y)
T = TZN2C? (47)
Using G* and S* this equation can be rewritten:
21 * * * * *
«_ gL (S"GT — (cpy/cva)S” = (¢pa/cva)GT)
T = N2c? (48)
We can now introduce definition of “constraint C2”:
e Strong constraint C2: T* is the identity matrix.
e Weak constraint C2: T* matches (49):
T = (1+1°Q") (49)

and does not depart too much from identity matrix. Q* is a diagonal matrix equal to 6* — 2a™.

Continuous equations ensure “strong” constraint C2. In some cases this is possible to match “weak” constraint
C2 in discretised equations, and from now “constraint C2” will mean “weak constraint C2”.
bl

According to the vertical discretisation used, “constraint C2” may or may not be matched by the discretised
operators.

e FDO and VFE: constraint C2 is not ensured.
e FDI1: constraint C2 is ensured.
e We can notice that either C1 and C2 are both ensured, or none of C1 and C2 are ensured.

e Elimination between equations to obtain Helmholtz equation does not assume that constraint C2 is ensured
(use of formula (46)).

e Discretisations of T* matching constraint C2 or close to constraint C2 are preferred, in order to ensure
numerical stability.
Discretisation:

e FD1: constraint C2 is ensured, and formula (49) is used. In this case, T" is a tri-diagonal operator, like
L*. Expression of the elements of the associated matrix is:

1 I II7
T (.1 _1—*( " l* + = L *>(6l*_2al*) (50)
“n 51 Hl - Hl—l Hl+1 - Hl

T 1) =1 (51)

* 1 Hikfl * *
T nn=—| =—— (6,1 — 205 _ 52
(1,1—1) 61* (Hzﬂ _Hfl) (014 aj_1) ( )

* 1 H?+1 * *
T 141 = g <H (0141 — 2041) (53)

with some particular expressions at the top and the bottom.
Discretisation of diagonal matrix Q" is: Q"(;;) = (0; — 2qa;), and if the top hydrostatic pressure is zero,

Q1 =0
e FDO and VFE: constraint C2 is not ensured. Formula (46) is used (use VFE or FDO discretisations of ~,
7, L*).
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5 Semi-implicit scheme, no Coriolis term in the semi-implicit
scheme.

Equations are written for a leap-frog scheme (Eulerian scheme of three-time level semi-Lagrangian scheme). For
a two-time level semi-Lagrangian scheme replace At by 0.5At.
5.1 3D hydrostatic primitive equations model.

x Expression of the linear term B for GMYV and GMYVS variables:
e Continuity equation (X = log(Ily)):

B=—-v(M'D) (54)
e Divergence equation (X = D/):
B=—-V>(yT + plogTl) (55)
e Vorticity equation (X = g‘/):
B=0 (56)
e Temperature equation (X =T):
B=—7(M'D) (57)

x System to be solved: Equations are written for log(Tls) as a prognostic variable for continuity equation.

log(I1s),, n, + BAEM Dy y p, = P* (58)
Dyyar + BAY *(YTigar + plog(Il),, ) =D ° (59)
Tirae + BAtM2TD;+At =T (60)

P, D/*, T* correspond to X* defined in equation (17) and are available in spectral arrays (SPA3%SP,
SPA3%DIV, SPA3%T) at the beginning of the spectral computations. Equations (58) to (60) yield (61)
(Helmholtz equation):

(I—B2A2B V2N )Dyon, =D — BALY 2(T* + uP”) (61)
where B = 7 + pv is a matricial operator L x L (precomputed in routines SUDYN, SUBMAT and stored in
the array SIB).

When M = M (cases LSIDG=.T. or LESIDG=.T.) it is more convenient to rewrite equation (61) as:

(V' 72 = B°At? B M*)Dyyny =V 2D* — BAH(YT™ + pP”) (62)

which shows a symmetric matricial operator in the left hand side.

* Spectral computations to solve system of equations (58) to (60). Algorithm works
zonal wave number by zonal wave number m (| m | varies between 0 and the truncation Ns) and performed in
the routine SPCSI before all horizontal diffusion schemes. For a given zonal wave number m:

e After a preliminary memory transfer the right-hand side member of equation (61) is computed for all total
wave numbers n between m and Ns.

e Inversion of Helmholtz equation for the case “reduced divergence” (case LSIDG=.F. and LESIDG=.F.)
and method via a diagonalisation in the eigenmodes space.

— First the diagonalisation of B is used: B = Q ' A Q, where A is a diagonal L * L matrix, the
diagonal coefficients a; of which are stored in the array SIVP. Q is a L *x L matrix stored in the array
SIMI, Q* is stored in the array SIMO. Note that the vertical operators v, p, T, v, B , Q commute

with the horizontal operator v'2.

— Helmholtz equation (61) becomes, for each eigenmode I:
(1-FALGV M )QD, a0 = QD™ = BAIY (4T + P")) (63)

— For each eigenmode [ and each zonal wave number m: (I — BQAtZQZVIQMQ) is a diagonal matricial
operator (Ns+1— | m |) % (Ns+1— | m |): spectral coefficients of the right-hand side member of (63)
are simply divided by the diagonal coefficients of this matrix. The result is then multiplied by Q.
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e Inversion of Helmholtz equation for the case “unreduced divergence” (case LSIDG=.T. or LESIDG=.T.):

e Once known D;JrAt equation (58) provides log(Ily)

LSIDG=.T. only (resp. LESIDG=.T. in LAM models), spectral multiplications by M? are performed
by the product of a symmetric pentadiagonal matrix of dimensions (Ns+1— | m |)*(Ns+1— | m |) (useful
coefficients computed in routine SUSMAP (resp. SUESMAP in LAM models) and stored in the array
SCGMAP (resp. ESCGMAP in LAM models)) by a vector containing spectral coefficients (m,n) for n
varying from | m | to Ns.

in this case M = M. Inversion of Helmholtz equation is more complicated than in the case of semi-implicit
scheme with reduced divergence because the left-hand side member of Helmholtz equation contains values
of the divergence for all levels and five total wave numbers (n — 2 to n + 2). Of course M? is a symmetric
pentadiagonal matrix, for a given zonal wave number m. Pay attention to the fact that M? does not

commute with the diagonal operator v'2,

— First the diagonalisation of B is used: B = Q' A Q, where A is a diagonal L * L matrix, the

diagonal coefficients a; of which are stored in the array SIVP. Q is a L % L matrix stored in the array
SIMI, Q' is stored in the array SIMO. Note that the vertical operators v, u, 7, v, B , Q commute

with the horizontal operators V'2 and M2.

Helmholtz equation (61) (resp. (62)) becomes, for each eigenmode I:
(I BALaV 2M*)AD; ;= QD™ — BAIV *(yT" + uP")) (64)

resp.:
(V 2 = B2APaM?)QDyar = AV D" — BAL(YT ™ + pP*)) (65)

For each eigenmode ! and each zonal wave number m: (V/_2 — B2At*a;M?) is a symmetric
pentadiagonal matricial operator (Ns+1— | m |)*(Ns+1— | m |). The factorisation LU of this matrix
is computed, where L is a lower triangular tridiagonal matrix, U is a upper triangular tridiagonal
matrix with coefficients equal to 1 on the main diagonal. All useful coefficients of L, U are computed
in the set-up routine SUHEG and stored in the array STHEG.

The right-hand side member of (65) is computed, then multiplied by the inverse of the symmetric
pentadiagonal operator (VI_2 — B2At*M?a;) (resolution of two tridiagonal triangular systems by
routine MXTURS). That yields QD;+At. Multiplying by Q~* one obtains D;+At.

For the zonal wave number m = 0 equation (64) is used rather than (65) because, for the total wave
number n = 0, V'2is equivalent to a multiplication by 0 and V' 2 is equivalent to a division by 0.
The only difference is that the pentadiagonal but non-symmetric operator (I — BEA2aV 2M2) is

factorised and inverted. All useful coefficients of L, U are computed in the set-up routine SUHEG
and stored in the arrays SIHEG and STHEG?2.

+1a¢ and equation (60) provides Tiya:. For the case

e Semi-implicit scheme ends by a final memory transfer.

5.2 3D NH-PDVD model.

The code described is valid for options NPDVAR=2 and NVDVAR=3. For NVDVAR=4 the linear terms
are the same as for NVDVAR=3.

x Expression of the linear term B for GMYV and GMYVS variables:
e Continuity equation (X = log(Ily)):

B=-v(M'D) (66)
Divergence equation (X = D/):
B= V1T~ T"(yQ) + plog(Ils) + RaT" Q] (67)
Vorticity equation (X = (/):
B=0 (68)
Temperature equation (X = T):
RqT* —2
B=-="—['D +d (69)
vd

Pressure departure variable equation (X = Q)

B=— [CP’J(MQD/ Fd)— -4

eva Rore MD /)} (70)
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e Vertical divergence equation (X = d):
2
g * A
B=— L 71
L 1Q) ()

x System to be solved: Equations are written for log(Tls) as a prognostic variable for continuity equation.

log(ILs), , n, + BAW(M Dy ny) = P* (72)

Diyas + BANY [V Tosae — T*(1Qurad) + plog(Is),, o, + RaT" Qeiad = D" (73)
Quiac + BAL [%(MQD;JrAt +derar) — ];;%* T(MZD;H\J)} =9 (74)
diyar + BAL RjQTa* (L*Qusat) =D (75)

Tirae + BAL R;:* [MQD;-kAt +digadl =T (76)

P, D/*, 0%, D*, T* correspond to X* defined in equation (17) and are available in spectral arrays (SPA3%SP,
SPA3%DIV, SPA3%SPD, SPA3%SVD, SPA3%T) at the beginning of spectral computations.

x Elimination of variables: The following calculations are valid for both M horizontally constant and
M horizontally variable. All the constants and the vertical operators commute with V' 2 and M.

e Elimination of 7', Q and log(Il;) between equations (72), (73), (74) and (76) leads to equation (77):

’ ’ « e c * « —_—2
Dyine — (/BAt)QV 2[{RdT (Rld - 1)(deqd~* T = 6573) + %7 + RaT V}M Dyyne

H—RaT" 24 (g = 1) + T} drsad]

Cvd Cvd

=D + BAIV2[RaT" (75 = 1)Q" —T" = RaT*P"] (77)

D'** is defined by equation (78):

D = D" + BAIV? [RaT" (51 = Q" = AT" = RT"P"] (78)
d

We use the relationship ¢py — ¢vg = Ra, the definition of C' and we isolate the term COR (see equation
(33)): this equation can be rewritten:

[—(BAL?V 2(C? — T*y)|desar + [I — (BA)?V 2(C*(1 + COR))M |D;yn, =D (79)

Quantity COR is zero when the constraint “C1” is fulfilled.This is the case for the finite-difference vertical
discretisation with NDLNPR=1. In the other cases, COR is generally non-zero but weak (COR << 1).

e Elimination of Q between equations (74) and (75) leads to equation (80):

Al o\=—2 c?_,
dtJrAt — (BAt) E ﬁ(—CPdT + C )M Dt+At + ﬁL dt+At = D (80)
where D** is defined by:
Nk N * g T* * A%
D" =D At | —=— 1
o[ Te] .

e When COR = 0, elimination of D' between equations (79) and (80) leads to Helmholtz equation (84):

|:I _ 62At202(M2v/2 + T L* ) _ 64At4N202ﬁ2vl2 %T*:| dt+At

Ty HZ?
= (1 BALRCTM V' )D* + B2AR L Lo (—cp g7 + CH)M D' (82)

TF H2

which can be rewritten:

(1-paccr by ) - (PArRC? 4 AN CP T ) TV diya
= (1 FPAPCTM VD™ + B AP L L (—cpg7 + CH)M D™ (83)

Ty H?
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or:

1 . ,
{1 — B2AC? (1 - B2APC?L Hz) (1 + ﬂQAtQNQ%IT*) MV 2} deyac

—1 . ' . ,
_ (I - BALCPE HQ) [(1 — PAPCTIV D 4 BPALE (o + CID } (84)
e In the LHS of equation (84), we denote by B the following matrix, by analogy with the hydrostatic model:

-1
— (2 QT L* QT
B =C ( - B*At°C T*H2> <I+,B AN TaT> (85)

The LHS of equation (84) can be rewritten:
{I — B*A* B MQV/Q}
If we compare with the LHS of the Helmholtz equation in the hydrostatic case we can notice three things:

— The order of M~ and V'? is inverted (these two operator do not commute if M is not constant).
— B now depends on At, it must be recomputed each time the timestep is changed.
— B is now a tridiagonal matrix (at least in the LVERTFE=.F. discretisation).

e When M = M (case LSIDG=.T. or LESIDG=.T.) it is more convenient to rewrite equation (84) as

’ -1 * —_— /
[V “2 g2 ArC? (1 ( — BARCPL %) (I + BPARNL T*) Mﬂ [V'2dys o]

-1 J— ’ A _ ’
- (1 — BAPCE %) [(1 — PAPCTIV D™ 4 BPAL L L (< + D] (86)
which shows a symmetric matricial operator in the left hand side.

* Spectral computations to solve system of equations (72) to (76). The algorithm has
some similarities with what is done in the hydrostatic model. Algorithm works zonal wave number by zonal wave
number m (| m | varies between 0 and the truncation Ns) and performed in the routine SPNHSI before all
horizontal diffusion schemes. For a given zonal wave number m:

e After a preliminary memory transfer the right-hand side member of equation (84) is computed for all total
wave numbers n between m and Ns. We can do some remarks:

— During the elimination of variables between the equations (72) to (76) we have to perform

matricial multiplications by (I — ,BQAtQCQM2vl2) and M. When 17 is horizontally constant (case

LSIDG=.F., LESIDG=.F.) these operators are purely diagonal; when M = M these operators are
pentadiagonal and matricial products require additional calls to routine MXPTMA.

<15 At C2T L )

— The matricial operator

H2

which appears in the RHS of (84) and also in B is pre-computed in routine SUNHSI and is stored
in the array SIFAC. Its inverse is stored in the array SIFACI.

e Inversion of Helmholtz equation for the case “constant M” (case LSIDG=.F., LESIDG=.F.) and method
via a diagonalisation in the eigenmodes space.

— First the diagonalisation of B is used: B = Q ' A Q, where A is a diagonal L * L matrix, the
diagonal coefficients a; of which are stored in the array SIVP. Q is a L x L matrix stored in the array
SIMI, Q! is stored in the array SIMO. Note that the vertical operators v, u, 7, v, B , Q, L*, T*

commute with the horizontal operator v'2

— Helmholtz equation (61) becomes, for each eigenmode I:

(1 — B2ALa MV *)Qds s ar

TF H? TF H?

-1 JR— ’ A _ ’
—q (1 _ BARCPLLL ) [(1 ~ BARCHIV D 4 BPARLE L (—ep 7 + CP) D **}87)
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— For each eigenmode [ and each zonal wave number m: (I — 52At2alﬂ2v/2) is a diagonal matricial
operator (Ns+1— | m |)*(Ns+1— | m |): spectral coefficients of the right-hand side member of (87)
are simply divided by the diagonal coefficients of this matrix. The result is then multiplied by Q~*.

e Inversion of Helmholtz equation for the case “M = M” (case LSIDG=.T. or LESIDG=.T.): Inversion of
Helmholtz equation is more complicated than in the case of semi-implicit scheme with constant M because
the left-hand side member of Helmholtz equation contains values of d for all levels and five total wave
numbers (n — 2 to n + 2). Of course M? is a symmetric pentadiagonal matrix, for a given zonal wave

number m. Pay attention to the fact that M? does not commute with the diagonal operator v'2,
— First the diagonalisation of B is used: B = Q™' A Q, where A is a diagonal L * L matrix, the

diagonal coefficients a; of which are stored in the array SIVP. Q is a L * L matrix stored in the array
SIMI, Q! is stored in the array SIMO. Note that the vertical operators v, u, 7, v, B , Q, L*, T*

commute with the horizontal operators V'2 and M>2.

— Helmbholtz equation (84) (resp. (86)) becomes, for each eigenmode :

TF H?

J— ’ 5 * -1
(1— BPALGI V' ?)adirac = Q (1 — BRARCPILL )

Ty H?

[(1 — BPAPCEM V') D™ + AL L (—cpy 7 + c%ﬁp’**} (88)

resp.:

’ —_— ’ * 1% -1
(V'~2 = B2 ALV 2disad = Q (I _ BPAPCRPILL )

TF H2

[(1 ~ BARCIV D 4 BEACLI LY (e 02)M2D’**} (89)

Ty H?

— For each eigenmode [ and each zonal wave number m: (V/_2 — B2At?’a;M?) is a symmetric
pentadiagonal matricial operator (Ns+1— | m |)*(Ns+1— | m |). The factorisation LU of this matrix is
computed, where L is a lower triangular tridiagonal matrix, U is a upper triangular tridiagonal matrix
with coefficients equal to 1 on the main diagonal. All the useful coefficients of L, U are computed in
the set-up routine SUNHHEG and stored in the array STHEG.

— The right-hand side member of (89) is computed, then multiplied by the inverse of the symmetric
pentadiagonal operator (VL2 — BQAt2alM2) (resolution of two tridiagonal triangular systems by
routine MXTURS). That yields Q[V/zdt_‘_m]. Multiplying by Q' then V' =2 one obtains ditAt-

— For the zonal wave number m = 0 equation (88) is used rather than (89) because, for the total wave
number n = 0, v'2is equivalent to a multiplication by 0 and V' ?is equivalent to a division by 0.

The only difference is that the pentadiagonal but non-symmetric operator (I — 82At%a; M 2V/2) is
factorised and inverted. All useful coefficients of L, U are computed in the set-up routine SUNHHEG
and stored in the arrays SIHEG and SIHEG2.

e Once known di4+a+ equation (79), which can be rewritten as follows:
Diine = [I— (BA)?V 2CPM) D™ + (BAL)?V 2 (=T + C?)disai (90)

yields D;+At. Note that when M is constant, [I — (,BAt)QV/QC’QMZ] is a purely diagonal operator, but

when M = M [I— (/BAt)QV/QC’QMZ] is a pentadiagonal operator which has to be inverted by a LU method
(all useful coefficients of L, U are computed in the set-up routine SUNHHEG and are stored in STHEGB

and SIHEGBZ2) and that introduces additional calls to routines MXTURS or MXTURE. For m > 0
2
]

we prefer to invert the symmetric operator [V/72 — (BAL)*C*M

e After calculation of MZD;LN (which requires an additional call to routine MXPTMA if M = M),
equation (76) yields Ti4+a¢, equation (74) yields QH_N, and equation (72) yields log Ils; 4 o¢. For the case
LSIDG=.T. only (resp. LESIDG=.T. in LAM models), spectral multiplications by M? are performed
by the product of a symmetric pentadiagonal matrix of dimensions (Ns+1— | m |)*(Ns+1— | m |) (useful
coefficients computed in routine SUSMAP (resp. SUESMAP in LAM models) and stored in the array

SCGMAP (resp. ESCGMAP in LAM models)) by a vector containing spectral coefficients (m,n) for n
varying from | m | to Ns.

e Semi-implicit scheme ends by a final memory transfer.
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* Case where the constraint C1 is not matched (non zero COR): An iterative algorithm
has been implemented, which can briefly described as follows:

e The total number of iterations is NITERHELM.

e For the predictor step, we replace COR by 0 and we do the eliminations and the inversion of the Helmholtz
equation like previously described.

e For the corrector step, the term containing COR is put in the RHS, it is multiplied by D; LAt at the
previous iteration. The LHS is unchanged, so the elimination and the Helmholtz solving can be done like
in the predictor step. We rather take as unknowns the increments between the current iteration and the
predictor step, that allows to simplify the calculation of the RHS for the corrector step (some terms become
0).

Some preliminary tests done with this iterative algorithm unfortunately show that it does not converge (COR is
too big, especially at the top of the model, and ill-conditioned).

5.3 3D NH-GEOGW model.

The code described is valid for NH prognostic variables ® and gw but linear terms do not change if taking ® — B®g
or gw — Bgws.

x Expression of the linear term B for GMYV and GMYVS variables:
e Continuity equation (X = log(Il)):

B=—-v(M'D) (91)
e Divergence equation (X = D/):
B=—V"2[RaT + RaT* log(Il) + (8" + 1)®] (92)
e Vorticity equation (X = (l):
B=0 (93)
e Temperature equation (X =T):
RqT* —2 v 1 N
= D - 4
5= -TL G0 - (g (94)
e Geopotential equation (X = ®):
B = —[~RaT" (v — =29_r)(M"D') — (gu)] (95)
RqT™*
e Vertical velocity equation (X = gw):
2
B=—-Y[~Rs(0" + )T — (9" +1)(0"®)] (96)

- RqT

x System to be solved: Equations are written for log(Tls) as a prognostic variable for continuity equation.

log(ILs), o, + BA(M Dy 5;) = P (97)

Diyae + BAIYV 2[RaTsar + RaT 1og(IL),, o, + (0" + 1)®yiad] =D (98)
Toroe 4 SO D) g = 0 ()] = T (99)

Bopns + BAL [—(gwt_,_m) — RaT" (v — Pj; HODyin))| = @ (100)
JWitat + ﬁAtRi;Z [~Ra(0" + D) Tiyar — (0" + 1)(0" ®ryat)] = gW* (101)

2 D/*, T*, &%, gW?*, correspond to X* defined in equation (17) and are available in spectral arrays (SPA3%SP,
SPA3%DIV, SPA3%T, SPA3%SPD, SPA3%SVD) at the beginning of spectral computations.

We can notice that this linear system contains vertical integrals and vertical derivatives; equation (101) uses
something looking like the Laplacian operator L*.
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x Elimination of variables: The following calculations are valid for both M horizontally constant and
M horizontally variable. All the constants and the vertical operators commute with V' 2 and M.

We introduce the following denotations:

D =D — BAIV 2 [RaT*P* + RaT" + (0" + 1)&"] (102)
W™ = W* + BAL Rng [Ra(8" + )T + (8" +1)(8"@")] (103)
By — — {REZ n RdT*u] + [RdT*(a* F D — %7)} (104)

By = C"j—i% "+ (0" +1) (105)
By = 922—2%(8* 41— 92%(8* FDE = 1) (106)
B, — —Ci’:f; @ +1)9" — RZ;; @ + 1)0" (107)

e Elimination of 7', ® and log(Ils) between equations (97), (99), (100), and (98) leads to equation (108):

’

[T+ (BAL)’BV *M | Dyy a + [(BAL) BV ?Jguwiyar = D (108)
e Elimination of 7" and ® between equations (99), (100) and (101) leads to equation (109):

[(BAt)?BsM | Dyyar + [I+ (BAL)Ba]gwiar = gW** (109)

The elimination which requires the least constraints is the one providing an Helmholtz equation with the unknown

D; 4+a¢ In this case the commutativity between (0% + 1) and 9™ is a sufficient condition: it is ensured if we take
exactly the same operator 9" everywhere. Elimination of gw;ya: leads to Helmholtz equation (110):

[I— (BAY? B V2 M |Dyin, = D™ — [T+ (BAL)?Ba) ' [(BAL)?BLV 2] gW** (110)
where:
B = [I+ (BAt)’Ba] '[~B1 — (BAt)*(BsBs — ByB3)] (111)
When M = M (case LSIDG=.T. or LESIDG=.T.) it is more convenient to rewrite equation (110) as:

[V' 72 = (BAH)? B M|Dyyne = V' 72D — [T+ (BA1)*Ba) ' [(BAL)*Ba)gV** (112)
which shows a symmetric matricial operator in the left hand side.

We can do some remarks:

e The product of M and V2 appears as V'2H2, like in the hydrostatic model: this is because the elimination
’
has been in order to have D, o, as unknown.

e Like in the NH-PDVD model, B depends on At, it must be recomputed each time the timestep is changed.
e When At becomes 0, B converges towards —Bj.

e B contains vertical integrals, the Laplacian operator and first-order derivatives, and the inverse of a matrix
containing the Laplacian term: in practical the positive definiteness of B is not easy to match (this is
true in continuous equations but this property is lost in the discretised equations as they are discretised in
cycle 42, for non-evanescent timesteps), and we have also some difficulties to specify the upper and lower
boundary conditions for vertical derivatives.

* Spectral computations to solve system of equations (97) to (101). The algorithm has
some similarities with what is done in the hydrostatic model and the NH-PDVD model. Algorithm works zonal
wave number by zonal wave number m (| m | varies between 0 and the truncation Ni) and performed in the
routine SPNHSI_GEOGW before all horizontal diffusion schemes. For a given zonal wave number m:

e After a preliminary memory transfer the right-hand side member of equation (110) is computed for all
total wave numbers n between m and Ns. We can do some remarks:

— The matricial operator [I 4 (8At)?Bs] which appears in the RHS of (110) and also in B is pre-
computed in routine SUNHSI and is stored in the array SIFAC. Its inverse is stored in the array
SIFACI.
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e Inversion of Helmholtz equation for the case “reduced divergence” (case LSIDG=.F. and LESIDG=.F.)
and method via a diagonalisation in the eigenmodes space.

First the diagonalisation of B is used: B = Q ' A Q, where A is a diagonal L * L matrix, the
diagonal coefficients a; of which are stored in the array SIVP. Q is a L * L matrix stored in the array
SIMI, Q! is stored in the array SIMO. Note that the vertical operators v, 7, v, 0%, B , Q commute

with the horizontal operator v'2.

Helmholtz equation (110) becomes, for each eigenmode I:
(1 BAPaV *M)AD;a, = QD™ — [T+ (BAL)°B) ' [(BAL)BV gw™) (113

For each eigenmode [ and each zonal wave number m: (I — B2At2alvl2ﬂ2) is a diagonal matricial
operator (Ns + 1— | m |) x (Ns + 1— | m |): spectral coeflicients of the right-hand side member of
(113) are simply divided by the diagonal coefficients of this matrix. The result is then multiplied by
Q.

e Inversion of Helmholtz equation for the case “unreduced divergence” (case LSIDG=.T. or LESIDG=.T.):
in this case M = M. Inversion of Helmholtz equation is more complicated than in the case of semi-implicit
scheme with reduced divergence because the left-hand side member of Helmholtz equation contains values
of the divergence for all levels and five total wave numbers (n — 2 to n 4 2). Of course M? is a symmetric
pentadiagonal matrix, for a given zonal wave number m. Pay attention to the fact that M? does not

commute with the diagonal operator V2.

First the diagonalisation of B is used: B = Q' A Q, where A is a diagonal L * L matrix, the
diagonal coefficients a; of which are stored in the array SIVP. Q is a L * L matrix stored in the array
SIMI, Q! is stored in the array SIMO. Note that the vertical operators v, 7, v, 8*, B , Q commute

with the horizontal operators V'2 and M2.
Helmholtz equation (110) (resp. (112)) becomes, for each eigenmode I:

(1 - APV > M?)aD, a = QD™ — [T+ (BAH)’Bd] ' [(BAL) BV JgW™)  (114)
resp.:

(V' 7% = B ALaM*)AD,  ar = AV °D " — [I + (BAt)*Bs] ' [(BAL) B g™ ) (115)

For each eigenmode [ and each zonal wave number m: (V/72 — 52At2alM2) is a symmetric
pentadiagonal matricial operator (Ns+1— | m |)*(Ns+1— | m |). The factorisation LU of this matrix
is computed, where L is a lower triangular tridiagonal matrix, U is a upper triangular tridiagonal
matrix with coefficients equal to 1 on the main diagonal. All useful coefficients of L, U are computed
in the set-up routine SUHEG and stored in the array STHEG.

The right-hand side member of (115) is computed, then multiplied by the inverse of the symmetric
pentadiagonal operator (Vlf2 — ﬁQAt2M2al) (resolution of two tridiagonal triangular systems by
routine MXTURS). That yields QD;, »,. Multiplying by Q™ one obtains D; .

For the zonal wave number m = 0 equation (114) is used rather than (115) because, for the total
wave number n = 0, V'2is equivalent to a multiplication by 0 and V' 2is equivalent to a division by
0. The only difference is that the pentadiagonal but non-symmetric operator (I — 82At%a;V 2M?) is

factorised and inverted. All useful coefficients of L, U are computed in the set-up routine SUHEG
and stored in the arrays SIHEG and SIHEG2.

e Once known D; +at, and after calculation of MQD,; +a¢ (which requires an additional call to routine

MXPTMA if M = M), equation (109) yields gw:+a¢ (use matrix stored in SIFACI). Equation (97)
yields log ITs; 4 ¢, equation (99) yields Ti4a¢, and equation (100) yields ®yya¢.

e Semi-implicit scheme ends by a final memory transfer.

x Upper
model because these boundary conditions are not always well known. There is a possibility to ignore them: in this
case they are hidden in the operator Raeri, but we do not guarantee that they are always proper ones, especially
at the bottom boundary. There is also possibility to specify them explicitly (use a Rderi Operator which takes
account of them). Here is currently the status of what is done:

and lower boundary conditions for 9*. This point is not easy to solve in the linear

e All first-order vertical derivatives are assumed to be 0 at the top and bottom: in particular, 9* Z is assumed
to be 0 at the top and bottom in (8" + 1)(9*Z).

o (v— %7’): top condition equal to v, bottom condition equal to 0.

22



e 0" is assumed to match 0*v = 0 (this is currently the case).
e For other quantities, top condition is assumed constant.
e Bottom condition is assumed constant for 7.

e Bottom condition is not convenient to specify for ® or gw for calculations done in spectral space, because
we are not assumed to have surface values (actually we have it for ® but not for gw). This is one of the
reasons (but not the only one) why it seems better to take the prognostic variables ® — B®s and gw — Bgws:
bottom conditions are 0 (but the assumption that the first-order vertical derivative is zero is not very good
for this case!).

5.4 2D shallow-water model.

x Expression of the linear term B:
e Continuity equation (X = ®):

B=-®"M D (116)

e Divergence equation (X = D/):
B=-V?*®) (117)

e Vorticity equation (X = C/):
B=0 (118)
* System to be solved:

(bt+At + ﬁAtMZ@*D,H,At - H* (119)
Dyt + BAIV 2(®4ar) =D * (120)

H", D' correspond to X* defined in equations (17) and are available in spectral arrays (SPA3%SP,
SPA3%DIV) at the beginning of the spectral computations. Equations (119) and (120) yield (121) (Helmholtz
equation):

(1— B2ALD*V 2 M) Dyyny = D * — BALV 2(HY) (121)

When M = M (case LSIDG=.T.) it is more convenient to rewrite equation (121) as:
(V"2 = B2A2®*M?)Dyyn, =V 2D* — BAHH) (122)

which shows a symmetric matricial operator in the left hand side.

* Spectral computations to solve system of equations (119) and (120). Algorithm works
zonal wave number by zonal wave number m (| m | varies between 0 and the truncation Ns) and performed in
the routine SPC2 before all horizontal diffusion schemes. For a given zonal wave number m:

e After a preliminary memory transfer the right-hand side member of equation (121) is computed for all
total wave numbers n between m and Ng.

e Inversion of Helmholtz equation for the case “reduced divergence” (case LSIDG=.F.): For each zonal
wave number m: (1 — ﬂ2At2©*V/2M2) is a diagonal matricial operator (Ns +1— | m |) % (Ns +1— | m |).
Spectral coefficients of the right-hand side member of (121) are simply divided by the diagonal coefficients
of this matrix.

e Inversion of Helmholtz equation for the case “unreduced divergence” (case LSIDG=.T.): Inversion of
Helmholtz equation is more complicated than in the case of semi-implicit scheme with reduced divergence
because the left-hand side member of Helmholtz equation contains values of the divergence for all levels
and five total wave numbers (n — 2 to n + 2).

— For each zonal wave number m: (V,_2 — B2A*M?®*) is a symmetric pentadiagonal matricial
operator (Ns +1— | m |) *x (Ns + 1— | m |). The factorisation LU of this matrix is computed,
where L is a lower triangular tridiagonal matrix, U is a upper triangular tridiagonal matrix with
coefficients equal to 1 on the main diagonal. All useful coefficients of L, U are computed in the set-up
routine SUHEG and stored in the array SIHEG.

— The right-hand side member of (122) is multiplied by the inverse of the symmetric pentadiagonal
operator (V =2 — BZAt*®*M?) (resolution of two tridiagonal triangular systems by routine
MXTURS). That yields Dy, A,
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— For the zonal wave number m = 0 equation (121) is used preferably than (122) because, for the total
wave number n = 0, V'2is equivalent to a multiplication by 0 and V' 2is equivalent to a division by
0. The only difference is that the pentadiagonal but non-symmetric operator (1 — S2At*®*V 2 M?)

is factorised and inverted. All useful coefficients of L, U are computed in the set-up routine SUHEG
and stored in the arrays SIHEG and SIHEG2.

e Once known D; 1a¢ equation (119) provides ®¢ya¢.  For the case “unreduced divergence” (case
LSIDG=.T.) only, spectral multiplications by M? are performed by the product of a symmetric
pentadiagonal matrix of dimensions (Ns + 1— | m |) * (Ns + 1— | m |) (useful coefficients computed

in routine SUSMAP and stored in the array SCGMAP) by a vector containing spectral coefficients
(m,n) for n varying from | m | to Ns.

e Semi-implicit scheme ends by a final memory transfer.

5.5 Plane geometry.

For 3D models, semi-implicit calculations are done in ESPCSI, ESPNHSI, ESPNHSI_GEOGW instead of
SPCSI, SPNHSI and SPNHSI_GEOGW.

Option LSIDG=.T. has an equivalent LESIDG=.T. designed for LAM models, coded only for a tilted-rotated
Mercator projection.

5.6 Shortcomings of the formulation of the semi-implicit scheme with
“reduced divergence” (LSIDG=.F.) in case of stretching.

+ ARPEGE / IFS: In the grid points computations for some equations (for example temperature and

continuity equation in the 3D hydrostatic model), the linear term B contains the reduced quantity (MQD,).
This quantity is added to geographical quantities. That is no problem near the high resolution pole. This reduced

2
quantity becomes very large near the low resolution pole: if the stretching coefficient is c, %2 = ¢ at the low

resolution pole, which is equal to 33.2 if ¢ = 2.4. Thus the order of magnitude of the semi-implicit correction
tendency becomes too high and physically absurd in the low resolution zone (gravity waves are no longer treated
implicitly). That leads to instabilities in regions of the low resolution zone with high orography, in adiabatic
Eulerian runs, or in semi-Lagrangian runs with time-steps above the limit imposed by the Courant-Friedrich-
Levy condition. In Eulerian runs with physics, the combination of physics and small time-steps inhibits this
instability (at least in the hydrostatic model), but scores are degraded, especially far from the high resolution
pole. In order to avoid this instability, we have implemented a new formulation of the semi-implicit scheme which
allows to avoid mixing of reduced and geographical quantities in the grid-point computations, and which gives
an implicit treatment of the gravity waves everywhere on the sphere and not only near the high resolution pole.
This formulation is a formulation with unreduced divergence (simply by replacing the quantity M by the mapping
factor M).

Remark: in the deep layer equations, the implicit treatment involves in this case the quantity M 2p" and not D.
The small residual term D — M?D" = (a/r — 1)M?D' has an explicit treatment.

* LAM models: The previous point is not an issue in most applications of LAM models where the mapping
factor M has small variations in the forecast domain (which is not too large). It can become an issue for large
domains (use of large domains with a tilted-rotated Mercator projection), and option LESIDG becomes useful
in this case.
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6 Inclusion of Coriolis term in the semi-implicit scheme.

Although this term is non linear, it is added to linear terms in the semi-implicit scheme. Equations are written
for a leap-frog scheme (Eulerian scheme of three-time level semi-Lagrangian scheme). For a two-time level semi-
Lagrangian scheme replace At by 0.5A¢. In ARPEGE/IFS this option is coded for both Eulerian and semi-
Lagrangian schemes (3D model and shallow-water model). This option is available only in unstretched untilted
spherical geometry, in setting LIMPF=.T. in namelist NAMDYN. The reason to use such option is accuracy
for long range forecasts (but not stability issues: LIMPF=.F. is as stable as LIMPF=.T. but may lead to worse
scores for long-range forecasts).

6.1 Semi-implicit scheme including Coriolis term in the 3D hydrostatic
model.

6.1.1 Thin layer equations.
+x Expression of the linear term B: Equations (55) and (56) become respectively:

e Divergence equation (X = D/):
B= -V 21T + plogIl) — 2V (Q A V) (123)

e Vorticity equation (X = (/):
B=—2k[V A(QAV)] (124)

* System to be solved: Equations (58) and (60) are unchanged. Equation (59) is replaced by the two
following equations, for divergence and vorticity.

Dyyar+ BAEV > (VT ar + plog(ILs) , »,) + BAL2Y (RAV)) =D (125)

Corar + BAHEKIV A (QAV)]) = (¢ (126)

D/*, ¢* correspond to X* defined in equation (17) and are available in spectral arrays (SPA3%DIV,
SPA3%VOR) at the beginning of the spectral computations.

x Restriction to not stretched and not tilted model: Inclusion of Coriolis term in the semi-
implicit scheme will be treated only in not stretched and not tilted geometry for different reasons, including the
following considerations:

e In not stretched and not tilted geometry, Coriolis parameter f = 2 sin 6 writes as a first degree polynomial
of the sinus of computational sphere latitude. This property leads to invert pentadiagonal matrices in the
algorithm which will be described.

e In stretched and not tilted geometry, Coriolis parameter f = 2Q2sin§ writes an homographical function
of the sinus of computational sphere latitude. This property leads to invert full matrices in the algorithm
which will be described (which in our case is very expensive in memory).

e In stretched and tilted geometry, Coriolis parameter f = 2{2sin6 depends on the computational sphere
longitude and latitude. This property leads to a coupling between all spectral coefficients and obliges to
solve the semi-implicit system in the spectral space of geographical sphere, which is very expensive in
memory and cost.

e There is another way to treat implicitly Coriolis term in the semi-Lagrangian scheme which works as well
in the two-time level semi-Lagrangian scheme, replacing the prognostic variable V by V + 2Q A r, where
r is the vertical vector from Earth centre to computational point (r = ak), and keeping the semi-implicit
scheme unchanged. Contrary to inclusion of Coriolis term in the semi-implicit scheme, this method does
not increase difficulty in stretched or tilted geometry.

In not stretched and not tilted geometry, equations (125) and (126) become:
Diyar + BAV (YT ar + plog(Tls) ., a,) + BAL2V (R AV)) = D (127)

Ciont + BALR2K.[V A (RAV)]) =¢* (128)
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*x Divergence and vorticity in spherical geometry: For a vector Y of horizontal components Yx
and Yy, the divergence and vertical component of vorticity write as:

1 9Yx  O(Yy cos®)
VY = acosf |: oA a9 (129)
1 9Yy  9(Yxcosb)
k(VAY) = oot [ ) a6 (130)

x Helmholtz equation: Using relations (129) and (130) in equations (127) and (128) lead to the following
equations:

. 20 cos 0 .
Disav + BAIV (VTvs av + plog(TL), , a,) + BAH(—2925in 0)Cry ac + BAL (%) Upiae =D (131)

20 cos §
Cosne + BAL2QsIn0) Dy nr + BAL (&)

Vivar =¢" (132)
The four following expressions are used, for each complex spectral coefficient:

e Relationship between divergence and velocity potential x:

D =V?y (133)

Relationship between vorticity and stream function :
¢=V% (134)

e (133) and (134) can be rewritten, for each complex spectral component:

n(n+1)
Dimm) = =37 X(mm) (135)
n(n+1)
C(m,n) = _T’Iwb(m,n) (136)
e Relationship between U, 1 and x:
(Uacos 0)(m,n) = 1MX(m,n) T (n — 1)6(m,n)¢(m,n—1) - (n + 2)e(m,n+l)w(m,n-%l) (137)
e Relationship between V, 1 and x:
(Vacos0)(m,n) = imimm) — (1= 1)ewm,n)X(mn-1) + (7 + 2)€m,nt1)X(mnt1) (138)
where e(g,0) = 0 and:
n2 — m2
€mm) =\ T3 =1 (139)

Equations (135) to (138) allow to eliminate Us+a¢ and Vipat in equations (131) and (132).

|:1 - 223([:1_%_?)”} D(m,n),t+At + 5Atv2(7T(m,n),t+At + N‘lOg(HS)(m,n),H—At) - ﬂAt(ZQ(Sln 9)C)(m,n),t+At

29 m,n 20 m,n *
—BAL e(ﬂ ) Cmim— 1,64 At + BAtie(nHH) Comnt1),t+at = D ) (140)

3 m . 2Qe(m n
[1 - 12,?@?_3) } C(m,n),t+At + /BAt(QQ(Sln 6)D)(m,n),t+At + ﬁAt%D(m,nfl),thAt

2Q%e m,n *
—BAt =20 D 1t = (i (141)

Multiplication by sin € is eliminated by using the following relationship valid for any variable X, in not stretched
and not tilted geometry:

[(sin G)X](m,n) = €(m,n) X(m,n-1) T €mnt+1) X (m,n+1) (142)
Equations (140) and (141) become:

. tm 2Q¢e(m n) (n+1)
|:1 — 7'27?([2%:1) :| D(m,n)’tJ’»At + 5Atv2('YT(m,n),t+At + ’ulog(ns)(m,n),t-&-At) — /[-}At ( ,n)

2Qe m,n n *
—BAL— D G 1y v ar = Doy (143)
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m 2Qe(y, n) (nt+1) 2Qe(m nt1)™
[1 - 12,?(iﬁt1) } C(m,n),t+At + BAt%D(m,nfl),ttht + 5At%D(m,n+1),t+At

¢ is eliminated in equation (143) by using (144) in replacing n by n — 1 then by n + 1. Equation (143) becomes:

- 2Q8Atm 28AL0)> n—1)(n+1 28At0)2 n)(n+2

|:I —1 n(ithl) + : ﬂzQBA)tm %m,n)( ,)Lg ! + 172 ﬁQQBA)tm e?m,n+1) ((72((4,1>2) D(m,n),t+At
(n—1)n (n+1)(n+2)
28AtQ (2B8At0Q)2 n
+ 1( gzmm)tm €(m,n)€(m,n—1) (n 1) D(m n—2)t+At + 1, 29pAtm ﬁZQBA)tm €(m,n+1)€(m,n+2) (my2) Dmnt2),t+08
n—1)n m+ D (n+2)
+6Atv2(7T(m n),t+At + MlOg( S)(7n,n),t+At)
28ALQ n+1 28AtQ n
D(m n) + { Z(QBAs)m €(m,n) ( C(m n—1) + (( ZQﬁ)?t)m, : €(m,n+1) (n+1) C(m,n+1) (145)
n+1)(n+2

Ti+ac and log(Ils),, A, are eliminated by using equations (58) and (60). That leads to Helmholtz equation (146):

L2QBAL 28AtQ)% 2 n—1)(n+1 28At0)2 2 n)(n42 2
I—4 n(iH’)n + 1£i29ﬁA)t'rrL (m,n)( D) 4 - 1( e €(m.n+1) <(7)1(+1 L — B2A2 B V2| Doy ae
(n—1)n (n+1)(n+2)
28ALQ 28At0Q)?
+ ( %QZA)tm €(m,n)€(m,n—1) (n 1; D(m n—2),t+At + 1— ( ﬁngA)tm €(m,n+1)€(m,n+2) Thr2) (n+2) D(m n+2),t+At
(n—1)n D (nt2)
2BAtQ n+1 2BAtQ
+ 1_(1.29/3m)m €(m,n) ( n )C(m,n—l) + .( gﬂBAt)nL E(m,n+1) Thr D) (n+1 C(m n+1) (146)
(n—Dn "D (nt2)

Equation (146) is solved in eigenmodes space. The right-hand side member needs a multiplication by a tridiagonal
complex matrix, for each zonal wave number m. Inversion of Helmholtz equation is equivalent to invert a
pentadiagonal complex matrix (done in routine SIMPLICO), for each zonal wave number m. All computations
are currently (in cycle 42) done in SPCSI. For m = 0 complex operators become real operators.

x Determination of other quantities at ¢ + At: Equation (145) is used to compute C:ya: (for each
zonal wave number m, multiplication by a complex tridiagonal matrix). Then equation (58) is used to compute
log(Hs)H_At and equation (60) is used to compute Tyt a¢.

6.1.2 Deep layer equations (according to White and Bromley, 1995).

Equations (123) to (126) remain valid. Only the horizontal part of the Coriolis term (—2€2 A V) can be included
in the semi-implicit scheme. The term (—2Q A Wk) remains explicit. Equations (127) to (146) remain valid,
replacing D by (rs/a)D, ¢ by (rs/a)(, V by (rs/a)V. The code of spectral computations is unchanged.

6.2 Semi-implicit scheme including Coriolis term in the 3D NH-PDVD
model.

Extending such an algorithm to the 3D NH-PDVD model in not stretched and not tilted geometry is possible but
not straightforward. Most difficulties come from the fact that the unknown in the Helmholtz equation is d and
not D'

6.2.1 Thin layer equations.
x Expression of the linear term B: Equations (67) and (68) become respectively:

e Divergence equation (X = D'):
B=—V2NT —T"(vQ) + nlog(Il,) + RaT*Q] — 2V (2 A V) (147)

e Vorticity equation (X = C/):
B=—2%[V A(QAV) (148)
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* Helmholtz equation: Elimination of T, Q and log(Il.) between equations (72), (74), (76), and the
modified (73) is done like for the case LIMPF=.F. . We have now a 3-equations system with the unknowns

d or dy, D' and C/ (equation of Cl is identical to the hydrostatic one). Since LIMPF can work only with a

not stretched not tilted spherical geometry, we omit the mapping factor and we replace D' and Cl by D and ¢
everywhere.

The relationships (133), (134), (133), (136), (135), (137), (138), (139), (142) are still used, in the same manner as
in the hydrostatic model. Using these relationships allows to replace the occurrences of U and V exactly as it is
done in the hydrostatic model (calculations are not detailed) and to have only the spectral components of d (or

ds), D" and (.

To simplify, we adopt the following denotations (consistent with the ones used in the NH-GEOGW model):
e B, =—C?
e BC; =-C?xCOR
e Bp=—-C*+T"y

e By = —%ﬁL*(—CPdT +C?)

T* C? L*

® Bi=—F=1=>
a

Equations for d (or d4), D and ¢ become:

{I — ’L27?(iﬁ§7;1 + (ﬂAt)2V2 (B+ + BCy )} Dmny,t4at + [(ﬁAt)2V2B2] d(m,n) t+At

—BAt

2Qe m,n (n+1) 2Qe m,n n o
%C(m,nfl),tJrAt - ﬁAt%C(m,nqtl),tJrAt =Dirm.n) (149)

[(BAE)?Bs| Doy, erar [T+ (BA) Ba] dim.ny e+at = Diny (150)

. m 2Qe () (n+1) 2Q¢€(m, nt )"
[I - Zz&iﬁa) :| Cem,n),e+at + 5At%D(m,n—l),t+At + ﬁAt%D(m,rhkl),bkAt
= imn) (151)

¢ is eliminated in equation (149) by using (151) in replacing n by n — 1 then by n + 1 (exactly like we do in the
hydrostatic model). Equation (149) becomes:

. AtQ)2 n—1)(n A 2 n)(n
|:I - 227?(/2?,33” + liiiﬂgi)trn e?m,n) ! 1,,1<2 =) + ?2[320?217% e%m,’rk‘rl) (<’r)1,§>14)—22) + (/BAt)QVQ(Bi + BCs ) D(my’ﬂ),tJrAt
(n—Dn

R CEs i)
28At0)2 +1 28AtQ)>
+ 111@ €(m,n)€(m,n—1) 2271; Dimn-2)1+at + 1_262057 ﬁem,wne(m,nm i Pimn+2) e+t
n—Dn nt D (nt2)
+ [(BAL)*V®Ba ] d(mn) i+t
- 28ALQ +1) x 2BALQ -
= D(m,n) + j-gﬂﬁAt)m €(m,n) (nn )g(m,nfl) + 7.( gQBAt)m €(m,n+1) (nil) C(m,n+1) (152)
P ey I Dt

The similarities with the hydrostatic model are the following ones:

e The ¢* terms added to D(;, ,,) are the same ones than those added to D, ,,y in the hydrostatic Helmholtz
equation. We introduce the following quantity:

, (28AL0) (n+1)
Dimn) = Dim.m) + T 205 80m ©mm)
-t (n—1)n

. (2BAL0) noo
Clmmn—1) T T 4 20BAGm Clmin+) gy l)C(m,n+1) (153)
BACESICES)

n

e In the LHS, the additional terms containing Q (in factor of D(,, n—2),t+at) Dim,n) 44t 80d D nt2) t+a¢)
are the same ones as in the hydrostatic model.

That means that some pieces of code present in the hydrostatic code (the call to SIMPLICO and most of the
input dummy arguments of SIMPLICO) can be re-used with no significant change in the NH model.

The main difference with the hydrostatic model, which will provide an additional difficulty, is the elimination

between the D equation and the d equation. We first assume that COR = 0 (constraint C1) and, like in the case
LIMPF=F, we do the elimination in order to have an Helmholtz equation with d as unknown.
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Equation (150) is used three times, for the total wavenumbers n — 2, n and n + 2 to do the elimination of
Dmn—2),0+at Dimn)+at and Dy n—2),c+a¢. After this elimination, a left multiplication of the LHS and of
the RHS by [1 + (,BAt)2B4] (which commutes with all the coefficients containing ) is performed. We obtain an
Helmholtz equation containing d(m,n—2)¢++at, dim,n),t+a¢ a0d d(m nt2)t4+a¢ in the LHS:

. 2QB8Atm 28At0Q)2 -1 1 28ALQ)2 2
I— (BAL?BY® — iS85 + -2t €l "+ i Cm,nt1) (o | D) erae
(n—1)n n+ 1) (n+2)
28AtQ)2 n+41 28At0Q)2 n
+ 125295@ €(m,n)€(m,n—-1) Enflg dm, n—2),t+at + 172@ i €(m,nt1)€(m.n+2) (ryz) Amn+2) 0+ At
(n—D)n n+1)(n+2)
-1 *ok ok N s sk ok
= [T+ (BAt)’Ba| ~ (—(BAt)’BsD[ ) + D) (154)
where
Dimnny =
2 2 -208Atm 28AtQ)2 2 n—1)(n+1 28AQ)? 2 n)(n+2) | Axx*
I+ (BAt)™B1V” —i n(i+1) + 1<_Z.2Q/m>tm e(m,n)< ,,)L(z Lt 1_5 2QBA>tm e(m,n-ﬁ-l)% (m,n)
n—1L)n (n+1)(n+2)
(28At0Q)2 (n+1) Ak (28At0Q)2 Aok
+W€(m,n)e<m,nfl)m (mn—2) t me(m,nﬂ)e(m,wmT%D(m,nm) (155)

We can first remark that the RHS of the Helmholtz equation requires an additional multiplication by a complex
pentadiagonal matrix which is not present in the hydrostatic model. Such a multiplication is done in the routine
SI_MXPTCO which re-uses some input dummy arguments of SIMPLICO. This multiplication computes a
quantity which must be added to the Df.",, term, before applying the inverse of [I + (ﬂAt)ZBAJ.

Once computed its RHS, equation (154) is solved in eigenmodes space. Inversion of Helmholtz equation is
equivalent to invert a pentadiagonal complex matrix (done in routine SIMPLICO), for each zonal wave number
m; the coefficients are the same ones as in the hydrostatic model, the only difference being the content of B
(filled in the set-up), so this is transparent in routine SPNHSI. All computations are currently (in cycle 42) done
in SPNHSI, by calling routine SIMPLICO. For m = 0 complex operators become real operators.

Once computed d(m,n),t+a¢, equation (152) is used to retrieve D, n) 1+a¢- Equation (152) containg Dy, n—2),i+Aat;
D(m.nyt+at and D, ni2),i4a¢, that means that we need a second complex matrix inversion (there was only one
in the hydrostatic model). But we can notice that the coefficients in the LHS look like those present in the LHS
of the Helmholtz equation:

e All the coefficients containing {2 are exactly the same ones of the Helmholtz equation.

e The coefficient (8At)? B V2 of the Helmholtz equation is replaced by —(8At)?B; V2, where B; is already a
(constant coefficients) diagonal matrix.

That means that, for this complex matrix inversion, routine SIMPLICO can be re-used without any change (the
only input coefficient which changes is the one containing the eigenvalues).

Once computed D:ya¢, equation (151) allows to retrieve (¢4a¢, and this piece of calculations is identical to what
is done in the hydrostatic model.

* Determination of other quantities at ¢ + At: Retrieval of T, Q and log(Il.) at ¢ + At is done
exactly like in the LIMPF=F case.

* Combination with the NITERHELM algorithm when the constraint C1 is not
matched: This is possible and now implemented.

6.2.2 Deep layer equations (according to Wood and Staniforth, 2003).

Equations (147) to (151) remain valid. Only the horizontal part of the Coriolis term (—2€ A V) can be included
in the semi-implicit scheme. The term (—2€2 A wk) remains explicit. Equations (152) to (154) remain valid,
replacing D by (r/a)D, ¢ by (r/a)¢, V by (r/a)V. The code of spectral computations is unchanged.
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6.3 Semi-implicit scheme including Coriolis term in the 3D NH-GEOGW
model.

6.3.1 Thin layer equations.
*x Expression of the linear term B: Equations (92) and (93) become respectively:

e Divergence equation (X = D/):
B =—V?[RaT + RaT" log(IL)) + (9" + 1)®] — 2V (Q A V) (156)

e Vorticity equation (X = C/):
B=—2k[V A(QAV)] (157)

The other equations are unchanged.

x Restriction to not stretched and not tilted model: cf. what has been said for the hydrostatic
model.

x Helmholtz equation: Elimination of T, ® and log(Ils) between equations (97), (100), (99), and the
modified (98) is done like for the case LIMPF=.F. . Elimination of 7" and ® in the (101) equation is done like

for the case LIMPF=.F. . We have now a 3-equations system with the unknowns gw, D' and CI (equation of
C/ is identical to the hydrostatic one). Since LIMPF can work only with a not stretched not tilted spherical
geometry, we omit the mapping factor and we replace D' and ¢ ' by D and ¢ everywhere.

The relationships (133), (134), (133), (136), (135), (137), (138), (139), (142) are still used, in the same manner
as in the hydrostatic model. Using these relationships allows to replace the occurrences of U and V exactly as it
is done in the hydrostatic model (calculations are not detailed) and to have only the spectral components of gw,

D' and C/.
At this stage the (101) equation is unchanged compared to its LIMPF=F form. Additional terms present in

the divergence and vorticity equations (terms containing ) are the same as the ones in the hydrostatic system:
elimination of ¢ terms into the divergence equation is done exactly as in the hydrostatic model.

We use the matrix denotations By, By, Bz, Bs defined by formulae (104) to (107). After some long calculations
often identical of those of the hydrostatic model (elimination of { terms, see above), we obtain the following

two-equations system, with unknowns D" and quw:

- 2Q8Atm 28ALQ 2 —1)(n+1 28ALN)> 2 +2 2 2
I—1 n('iﬂ) + 1( zmm)m (m,n) - ,1(2" Ly 175 S €<m,n+1)7(?ifl)z) + (BAL)*B1V® | Dimony,t4at
(n—1)n (n+1)(n+2)
2BAtQ (2BAt2
+ ( gQZA>tm €(m,n)€(m,n—1) (n 1) D(m n—2),t+At + 1—i BZQE’}A)im €(m,n+1)€(m,n+2) 12y (’ﬂ+2) D(m n+2),t+At

(n=1)n (n+1)(n+2)
+ [(BAt)2V232] W (m,n) t+At

D(m n) + (2gﬂAﬁtgt)m €(m,n) (n:,,_l) C(*m,nfl) + (QQQAL;SA)t)m €(m,n+1) (nil) C?m,n#»l) (158)
(n=1)n D (nt2)
—_—2 * %k
[(BAL)?BsM 1D ) 4 a1 + (1 + (BAL)Balgwim,n). e at = W) (159)

After elimination of gw(m, n),t+a: between both equations we obtain the following Helmholtz equation:

- 2Q8A 2BAQ n—1)(n+1 28AtQ)2 n)(n+2
I—1 n<i+t{>n + 1( BQQ[SA)tm %m,n)( ,)Lg ) 4 175 Bzmm)tm ?m n+1) ((,17&1 ) B2At? B V? D(imn) i+t
n—1)n (n+1)(n+2)
28AtQ 28AtQ
+%6(m n)€(m,n—1) (n 1) D(m n—2),t+At + (Bzﬂing)tme(m n+1)€(m,n+2) Th12) (n+2) D(m n+2),t+At
(n=1)n D (nt2)
2
= (m n) [I + (ﬂAt) B4] [(BAt) B,V ]gW(m n)
2BAtQ n+1) ~x 2BAtQ
+ 1_(Z.2mmf>,m €(m,n) ¢ n )C(m,n_l) + .(gﬂiﬁAzmeﬁn n+1) (1) (n+1 C(m n+1) (160)
(n—Dn D (12

Equation (160) is solved in eigenmodes space. The right-hand side member needs a multiplication by a tridiagonal
complex matrix, for each zonal wave number m. Inversion of Helmholtz equation is equivalent to invert a
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pentadiagonal complex matrix (done in routine SIMPLICO), for each zonal wave number m: this calculation
is similar to the one done in the hydrostatic model. All computations are currently (in cycle 42) done in
SPNHSI_GEOGW. For m = 0 complex operators become real operators.

Once computed Dyya¢, retrieval of gwiyay, then retrieval of Tipat, Pryar, and log(Ils)sya: is done exactly like
in the case LIMPF=F.

Retrieval of ¢ uses the following equation (for each zonal wave number m, multiplication by a complex tridiagonal
matrix, like in the hydrostatic model).

. m 2Qe (i, n) (n+1) 2Qe(m, nt1)n
|:1 - Z23(iﬁt1) :| C(m,n),H»At + BAt { Yn) D(m,nfl),ttht + ﬁAt (n+1+1) D(m,n+1),t+At

= () (161)

6.3.2 Deep layer equations (according to Wood and Staniforth, 2003).
Not coded.

6.4 Semi-implicit scheme including Coriolis term in the 2D shallow-water
model.
Such an algorithm is also coded in the 2D shallow-water model in not stretched and not tilted geometry.
e Replace (vT + plog(Ils)) by @ in equation (123).
e Replace (YTt + plog(Ils),, o¢) by Pit+at in equations (125), (127) and (131).
o Replace (YI(m,n),t+at + 110g(1Ls) (1 0y 11 ar) BY Py ,t+ae in equations (140), (143) and (145).
e Replace (YT ) + 1P(n,n)) BY H{pn,ny in equation (146).

e Once computed D;+At equation (119) provides P4 a¢.

6.5 Conclusion.

The simplest configuration to treat the case LIMPF=.T. is the case where the unknown is the horizontal
divergence in the Helmoltz equation: this is the case in the hydrostatic model, the shallow-water model and
in the NH-GEOGW model, and treatment of implicit Coriolis term is similar in all these cases, with only one call
to SIMPLICO.

In NH models where this is w or d which is the unknown in the Helmoltz equation, treatment of implicit Coriolis
term is more tricky, because we must solve a modified Helmoltz equation with additional €2 terms, then retrieve
the horizontal divergence via a modified equation, then retrieve the horizontal vorticity. In such configurations we
can expect two calls of SIMPLICO, and one call to SI_MXPTCO. This is the case in the NH-PDVD model.
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7 Spectral multiplications by polynomial expressions of the
mapping factor.

x Expression of mapping factor M in spectral space in ARPEGE. Let us denote by:
e ac=05(c+2)
e be=05(c—12)
® e =0

_ TLQ*TrLQ
® C€(m,n) = 4n2—1

Expression of M is:
M = ac + b€ (162)

where ¢ is the sinus of computational sphere latitude. Expression of [M X](,,n) is:
[MX](m.n) = be€(m.n) X (mn-1) + @cX(mn) + be€imnt1) X m.n+1) (163)

It is easy from (163) to retrieve the coefficients of spectral multiplication by any first degree polynomial of M.
This is equivalent to a multiplication by a tridiagonal symmetric matrix in spectral space.

+ Expression of M? in spectral space in ARPEGE.

[M2 X () = b2(m,n) €(mn—1) X (mon—2) + 2acbee(m,n) X (mn—1) + (@2 + 02(€frn) + €fng1))) X(mom)
+2acbce(m,n+l)X(m,n+l) + bge(m,”nrl»l)6(m,n+2)X(m,n+2) (164)

This is equivalent to a multiplication by a pentadiagonal symmetric matrix in spectral space.

+ Expression of M and M? in spectral space in LAM models. This formula is only valid on
a tilted-rotated Mercator projection, and it assumes that the reference latitude of the projection is at the middle
of sub-domain C+I.

If we assume that the plane coordinates will be not slanted relatively to the longitudes and latitudes of the
Mercator projection, the mapping factor M always depends only on the y coordinate and never vary along the x

coordinate. . )
M = = ——— = cosh(y/a)

cosf . /1_ U2
where 1 = sinf, the y coordinate (this is an distance measured on the plane projection) assumes that y = 0 at
the apparent equator, and a is the mean Earth radius. M is not a low order polynomial function of y so even in
this case it needs to be approximated. The approximation used is, for a Fourier decomposition of M?, to have
only two harmonics.
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8 Order of spectral computations.

* ARPEGE/IFS: Spectral computations are done in the 3D model in the following order:

Mass corrector computations (SPCMASCOR).

Semi-implicit computations in the hydrostatic model (SPCSI).

Semi-implicit computations in the NH-PDVD model (SPNHSI).

Semi-implicit computations in the NH-GEOGW model (SPNHSI_GEOGW).
Main horizontal diffusion scheme (SPCHOR).

Nudging (i.e. linear relaxation towards a pre-defined state) (SPCHOR).

In the 2D model the semi-implicit computations and the main horizontal diffusion scheme are done in SPC2.

x* LAM models: Spectral computations are done in the 3D model in the following order:

Semi-implicit computations in the hydrostatic model (ESPCSI).
Semi-implicit computations in the NH-PDVD model (ESPNHSI).
Semi-implicit computations in the NH-GEOGW model (ESPNHSI_GEOGW).

Spectral nudging (coupling) from a coarser model (ESPSC2R for temporal interpolation providing coupler
at the current timestep, ESPCPL for spectral relaxation).

Main horizontal diffusion scheme (ESPCHOR).

x Case of iterative centred-implicit model

(option LPC,FULLZ.T.): The inversion of Helmholtz equation is done at all iterations and
horizontal diffusion can be done at the last iteration or at all iterations according to the value of key
LRHDI_LASTITERPC.
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9 Organigramme of the spectral part of the

computations.

9.1

Set-up and control routines until STEPO.

CNTO ->
* SUOYOMA ->
- SUCTO
- SUDYNA
* SUOYOMB ->
- SUDYN ->

*

*
*
*
*

*

SUALDYN

SUALDYNB (global model) or SUELDYNB (LAM model).

SUSMAP -> SUGMRE (global model)

SUESMAP (LAM model)

SUSI (hydrostatic model) ->

- GPHPRE

- SUBMAT -> SITNU and SIGAM

- EIGSOL

- SCORDO

- MINV

- SUHEG -> SUHER and SUHES (LSIDG=T only)

- SUEHEG -> SUHER and SUHES (LESIDG=T only)

SUNHSI (NH models) ->

- GPHPRE

- SUNHBMAT -> SISEVE and MINV (NH-PDVD model)

- SUNHBMAT_GEOGW -> SITNU, SIVDERI and MINV (NH-GEOGW model)
- EIGSOL

- SCORDO

- MINV

- SUNHHEG -> SUHER and SUHES (LSIDG=T only, NH-PDVD model)

- SUENHHEG -> SUHER and SUHES (LESIDG=T only, NH-PDVD model)
- SUHEG -> SUHER and SUHES (LSIDG=T only, NH-GEOGW model)
SUNHSI_TESTCONV (NH models)

* CNT1 -> CNT2 -> CNT3 -> CNT4 ->
- SUHEG -> SUHER and SUHES (LSIDG=T only)

SUEHEG -> SUHER and SUHES (LESIDG=T only)
SUNHSI (NH model) -> (see above)

- SUENHSI (NH model) -> (see above)

x Adjoint code:

STEPO -> (see below)

semi-implicit

For adjoint code STEPO is replaced by STEPOAD, organigramme is slightly different

between CNTO0 and STEPOAD. For example CNT3 is replaced by CNT3AD, CNT4 is replaced by
CNT4AD.

* Tangent linear code:

For tangent linear code STEPO is replaced by STEPOTL, organigramme is

slightly different between CNTO and STEPOTL. For example CNT3 is replaced by CNT3TL, CNT4 is
replaced by CNT4TL.

9.2 Direct code under STEPO or tangent linear code under STEPOTL.

STEPO or STEPOTL ->

* SPCM —>
- SPCIMPFINIT (LIMPF=T only)
- TRMTOS (transposition routine for distributed memory)
- SPCSI (hydrostatic model) ->

*

* % X X *

SITNU -> VERINT

SIGAM -> VERINT

SPCIMPFSOLVE (LIMPF=T only) -> TRSTOM, SIMPLICO, TRMTOS
MXMAOP

MXTURS and MXTURE (LSIDG=T or LESIDG=T only)

MXPTMA (LSIDG=T or LESIDG=T only)

- SPNHSI (NH-PDVD model) ->

* O K K X X X X X

SIDD -> SIGAM and SISEVE

SI_CCCOR

MXPTMA (LSIDG=T or LESIDG=T only)

SISEVE -> VERDER

SITNU -> VERINT

SIMPLICO and SI_MXPTCO (LIMPF=T only)
MXMAOP

MXTURS and MXTURE (LSIDG=T or LESIDG=T only)
SIGAM -> VERINT
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- SPNHSI_GEOGW (NH-GEOGW model) —->
* SITNU -> VERINT
SIVDERI -> VERDER
SIMPLICO (LIMPF=T only)
MXPTMA (LSIDG=T or LESIDG=T only)
MXMAOP
* MXTURS and MXTURE (LSIDG=T or LESIDG=T only)
- TRSTOM (transposition routine for distributed memory)
- SPCIMPFPOST (LIMPF=T only)
- SPCHOR (horizontal diffusion)
* SPC2M -> SPC2 ->
- SIMPLICO (LIMPF=T only)
MXTURS (LSIDG=T or LESIDG=T only)
MXTURE (LSIDG=T or LESIDG=T only)
MXPTMA (LSIDG=T or LESIDG=T only)
- BALADSM

EE R

In LAM models:

¢ ESPCM, ESPCSI, ESPNHSI, ESPNHSI_GEOGW, ESPCHOR are called instead of SPCM,
SPCSI, SPNHSI, SPNHSI_.GEOGW, SPCHOR.

9.3 Adjoint code under STEPOAD.

STEPOAD ->
* SPCMAD ->
- BRPTOB -> PE2SET
- SPCHORAD (horizontal diffusion)
- SPCIMPFPOSTAD (LIMPF=T only)
- TRMTOS (transposition routine for distributed memory)
- SPCSIAD (hydrostatic model) ->
* SITNUAD -> VERINTAD

* SIGAMAD -> VERINTAD
* SPCIMPFSOLVEAD (LIMPF=T only) -> TRSTOM, SIMPLICOAD, TRMTOS
* MXMAQP
* MXTURS and MXTURE (LSIDG=T or LESIDG=T only)
* MXPTMA (LSIDG=T or LESIDG=T only)
- [ SPNHSIAD (NH-PDVD model, not yet coded) 1 ->
* SIDDAD -> SIGAMAD and SISEVEAD
* MXPTMA (LSIDG=T or LESIDG=T only)
* SISEVEAD
* SITNUAD -> VERINTAD
* MXMAQP
*

MXTURS and MXTURE (LSIDG=T or LESIDG=T only)

* SIGAMAD -> VERINTAD
- TRSTOM (transposition routine for distributed memory)
- SPCIMPFINITAD (LIMPF=T only)

In LAM models:

¢ ESPCMAD, ESPCSIAD and ESPCHORAD are called instead of SPCMAD, SPCSIAD,
SPNHSIAD and SPCHORAD.

9.4 Action done by these routines.

* Set-up routines:
e SUCTO: computes 0-level control variables, and also some variables linked to dynamics.
e SUDYNA: set-up for dynamics, part A.
e SUDYN: set-up for dynamics, part B.
e SUSI: set-up for hydrostatic SI scheme.
e SUNHSI: set-up for non-hydrostatic SI schemes.

SUNHSI_TESTCONYV: test convergence necessary condition of the NITERHELM algorithm (NH-
PDVD SI scheme).

¢ GPHPRE: some reference vertical-dependent hydrostatic pressure quantities.

SCORDO: reorders eigenvalues and eigenvectors in order to have ascending values of eigenvectors.

SUBMAT, SUNHBMAT, SUNHBMAT _GEOGW: computes array SIB containing operator B
respectively for 3D hydrostatic model, 3D NH-PDVD model, 3D NH-GEOGW model.
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SUSMAP: computes array SCGMAP containing coefficients for spectral multiplication by M?2.
SUSMAP calls intermediate routine SUGMRE.

SUESMAP: computes array ESCGMAP containing coefficients for spectral multiplication by M? (LAM
models, tilted-rotated Mercator projection).

SUHEG (SUEHEG in LAM models): computes the LU factorisation of Helmholtz operator in case of
semi-implicit scheme with unreduced divergence. Routine SUHEG (resp. SUEHEG) is called only if
LSIDG=.T. (resp. LESIDG=.T.), for 3D hydrostatic model, 3D NH-GEOGW model and 2D shallow-
water model (and more generally when the elimination gives an Helmholtz equation with D' as unknown).
SUNHHEG (resp. SUENHHEG in LAM models): the same as SUHEG (resp. SUEHEG in LAM
models) but for the NH-PDVD model.

SUALDYNB (ARPEGE) or SUELDYNB (LAM models): allocation of some arrays used in the semi-
implicit scheme.

x Control routines: CNTO0, CNT1, CNT2, CNT3, CNT4, CNT3AD, CNT4AD, CNT3TL,
CNT4TL, STEPO, STEPOAD, STEPOTL are control routines. STEPO (resp. STEPOAD, STEPOTL)
manages one direct (resp. adjoint, tangent linear) integration timestep.

* Routines under STEPO, STEPOAD or STEPOTL:
e SPCSI: semi-implicit scheme spectral computations in the hydrostatic model.
e SPNHSI (resp. SPNHSI_GEOGW): semi-implicit scheme spectral computations in the NH-PDVD

(resp. NH-GEOGW) model.

SPC2: spectral space computations, including the semi-implicit scheme and all horizontal diffusion schemes
in the 2D model.

SPCM: distributed memory interface for SPCSI and SPNHSI.

SPC2M: distributed memory interface for SPC2.

Their LAM models counterparts have names ESPC.. instead of SPC...

These routines have adjoints (same names + “AD”).

SPCIMPFINIT, SPCIMPFPOST, SPCIMPFSOLVE: contain code for LIMPF=T case.
SI_CCCOR: computes COR (NH-PDVD model).

SITNU: computes a linear application by operator v (see equations (31) and (30)).

SIGAM: computes a linear application by operator -y (see equations (27) and (26)).

SISEVE: computes a linear application by operator L* in the NH-PDVD model (see equation (34)).
SIDD: performs the elimination of T, log Ils and Q in the linear system of NH-PDVD equations (in order
to compute the RHS of the Helmholtz equation).

SIVDERI: computes a linear application by operator 0.

VERINT: does vertical integrations (vertical finite element scheme).

VERDER: does vertical derivations (vertical finite element scheme).

BALADSM: solve linear balance equation in spectral space to convert vorticity into geopotential (used
for vorticity 2D equation only).

« Linear algebra routines (project XLA/ALGOR):

EIGSOL: finds eigenvalues and eigenvectors of a matrix.
MINYV: inverts a matrix.
MXTURE: inverts a set of tridiagonal (lower or upper) triangular matrices.

MXTURS: combines two calls to MXTURE to invert a set of symmetric pentadiagonal matrices, the
decomposition LU of which is known.

MXPTMA: products of a set of pentadiagonal matrices by a set of matrices or vectors.

MXMAOP: matrix by matrix product.

SIMPLICO: solves a set of set of complex pentadiagonal systems (in practical called when LIMPF=T).
SI_MXPTCO: complex multiplications by a penta-diagonal matrix (in practical called when LIMPF=T).
SUHER: performs the LU factorisations of a set of non symmetric pentadiagonal matrices.

SUHES: performs the LU factorisations of a set of symmetric pentadiagonal matrices.

* Distributed memory routines (for ex. transposition routines) doing

communications between processors: the list of transposition and communication routines used
in horizontal diffusion scheme is the following: TRSTOM, TRMTOS, BRPTOB and PE2SET:; see
documentation (IDDM) about distributed memory features for the action of these routines.
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Other remarks.

x Adjoint and tangent linear codes: These codes have been updated for semi-implicit computations
in cycle 42, for 3D hydrostatic model and 2D model. Use of both options LSIDG=.F. and LSIDG=.T. is possible
for adjoint and tangent linear codes of semi-implicit scheme in cycle 42 (except for non-hydrostatic model). Notice
that tangent linear of SPCSI is SPCSI itself.

x Place of calculation of linear terms in grid-point space:

In the 3D model, we find such calculations in CPEULDYN for the Eulerian advection and in LACDYN
(callees LASSIE, LANHSI and LANHSI_GEOGW) for the semi-Lagrangian advection. Grid-point coupling
also needs to compute these terms to add them to couplers (routine ESEIMPLS called by ECOUPL1).

In the 2D model, we find such calculations in CPG2 for the Eulerian advection and in LACDYNSHW for the
semi-Lagrangian advection.

Linear term calculations are done according to the following pattern:

3D hydrostatic model:
— one call to SITNU.
— two calls to SIGAM.
— if LSPRT=T, a conversion for the T-equation linear term.
— if LIMPF=T, add Coriolis term to wind-equation linear term.
3D NH-PDVD model:
— one call to SIPTP.
— two calls to SIDD.
one call to SISEVE.
— if LSPRT=T, a conversion for the T-equation linear term.

— if LIMPF=T, add Coriolis term to wind-equation linear term.
3D NH-GEOGW model:

— one call to SITNU.

— several calls to SIVDERI.

— additional in-lined calculations.

— if LSPRT=T, a conversion for the T-equation linear term.

— if LIMPF=T, add Coriolis term to wind-equation linear term.

timestep of calculation (given for predictor step):

— Eulerian advection: linear terms for X (¢t — At) — 2X (¢).
3TLSL advection: linear terms for X (¢) and X (t — At).
2TLSL advection: linear terms for X (t).

coupler: linear terms for coupler instant.

x Some distributed memory features:

The total number of processors involved in the A-level parallelisation is NPRTRW.
The total number of processors involved in the B-level parallelisation is NPRTRN.
One processor treats only a subset of zonal wave numbers.

If LSIDG=.T. or LIMPF=.T. spectral part of the semi-implicit scheme is done zonal wave number by
zonal wave number. A call to SPCSI currently treats only one zonal wave number (case LLONEM=.T.).

In the other cases a call to SPCSI can treat several wave numbers: currently all the zonal wave numbers
treated by the current processor (case LLONEM=.F.).

All the NFLEVG layers are treated together, there is no subdivision into packets of NFLEVL layers
when the second level of parallelisation is activated contrary to the horizontal diffusion. That means
that additional transpositions (TRSTOM in the direct code) are necessary between the semi-implicit
calculations of SPCSI and the horizontal diffusion calculations of SPCHOR to convert the fields from
the NFLEVG structure required in the semi-implicit calculations to the NFLEVL structure required in
the horizontal diffusion calculations.

In LAM models the way of distributing ESPCSI, ESPNHSI and ESPNHSI_GEOGW is the same one
as in SPCSI, SPNHSI and SPNHSI_ GEOGW.
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11 Precomputed module and namelist quantities.

These modules are auto-documented so description of each variable is provided in the code source. We can recall
here the most important variables to know for each module:

e Modules for geometry:

SPGEOM_MOD (spectral geometry).
YOMVERT: all variables.

¢ YOMARG (0-level control, former command line) and YOMCTO (0-level control):

NCONF, LELAM (in NAMARG).
LR3D, LR2D, LRSHW, LRVEQ.
LNHDYN (in NAMCTO).
LRPLANE (in NAMCTO).

¢ YOMCVER (vertical finite element discretisation keys): most of variables. Some of these variables are
in namelist NAMCVER.

¢ YOMDIM, YOMDIMYV and YOMDIMF (dimensioning): most of variables. Some of these variables
are in namelist NAMDIM.

¢ YOMDYNA (adiabatic dynamics: first part):

LPC_FULL, LPC_CHEAP (predictor-corrector scheme).

LNESC, LNESCT, LNESCV, LSETTLS, LSETTLST, LSETTLSV (extrapolation).
LSLINLC1, LSLINLC2, LSLINL.

LAPRXPK, NDLNPR, RHYDRO (vertical discretisation).

NPDVAR, NVDVAR, ND4SYS, LNH_PDVD, LNH.GEOGW, LNHX, LNHXDER, RC_PD1 (NH
model).

LGWADV, NGWADVSI, LRDBBC (treatment of vertical divergence equation in NH model).
LVERCOR, LRWSDLW, LRWSDLR, LRWSDLR2, LRWSDLG, LCURVW (deep-layer equations).

Some of these variables are in namelist NAMDYNA.
¢ YOMDYN (adiabatic dynamics: second part). The following variables are attributes of YRDYN.

LSIDG, BETADT (8), RBT, RBTS2, NITERHELM, LIMPF (semi-implicit scheme).

REFGEO, SIPR (IL.*), SITR (T*), SITRA (Ty), SITRUB, SIPRUB, SITIME, SIRPRG (R4T"),
SIRPRN (equal to 1): reference values used in the semi-implicit scheme.

VESL, XIDT.

NSITER, NCURRENT_ITER, LRHDI.LASTITERPC (predictor-corrector scheme).
SIDELP (AIT*), SIRDEL (1/AII*), SILNPR (5*), SIALPH (a*).

SITLAF and SITLAH (full-level and half-level reference hydrostatic pressure).
SIDPHI (A®*).

SIB (matrix B in Helmholtz equation).

SIVP (eigenvalues a; of B ), SIMI (Q = eigenvectors of B ), SIMO (@71).

SIFAC (matricial operator for NH model only)

2 2 2T*L*
<I BEALC T;HQ)

SIFACI: inverse of SIFAC.
SIHEG:
* Hydrostatic model, NH-GEOGW model or 2D shallow-water model: for zonal wave numbers
different from zero, contains the non-zero diagonals of LU decomposition of:
(V' =2 = B2At2a M?)

for zonal wave number equal to 0, contains the non-zero diagonals of L of the LU decomposition
of:
(I— B2ALaV 2 M?)
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* NH-PDVD 3D model: for zonal wave numbers different from zero, contains the non-zero
diagonals of LU decomposition of:

(V' "% = B°APa M?)

for zonal wave number equal to 0, contains the non-zero diagonals of L of the LU decomposition
of: ,
(1 — B2AtPaM?V ?)
— SIHEG2:

* Hydrostatic model, NH-GEOGW model or 2D shallow-water model: for zonal wave number
equal to zero, contains the non-zero diagonals of U of the LU decomposition of:

(I B2ALaV 2 M?)

* NH-PDVD 3D model: for zonal wave number equal to zero, contains the non-zero diagonals of
U of the LU decomposition of:

(1 - B*A2a,M?V'?)
— SIHEGB for NH-PDVD 3D model: for zonal wave numbers different from zero, contains the non-zero
diagonals of LU decomposition of:

(V' 72 = B2 At o M?)
for zonal wave number equal to 0, contains the non-zero diagonals of L of the LU decomposition of:
(I - B2ALV 2CM?)
— SIHEGB2 for NH-PDVD 3D model: for zonal wave number equal to zero, contains the non-zero
diagonals of U of the LU decomposition of:
(I — B2ALPV 2CM?)

Some of these variables are in namelist NAMDYN.

YOMRIP (date and timestep related variables). The following variables are attributes of YRRIP. Some
of these variables are in namelist NAMRIP.

— TSTEP, TDT (timestep).

YEMDYN (LAM model dynamics): LESIDG, RTHRESIDG. RTHRESIDG is in namelist NEMDYN.

YOMMPO and YOMMP (distributed memory environment, see documentation (IDDM) for more
details).

YOMSP and YOMSPS5 (spectral arrays).
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